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ABSTRACT: A series of studies on application of fracture mechanics to failure of concrete 
are summarized. Tapies discussed in this paper include toughening mechanisms in the 
fracture process zone of concrete, principies of linear elastic fracture mechanics, various 
nonlinear fracture models, the determination of material fracture parameters, R-curve 
approaches, fracture of fiber reinforced concrete and mixed mode and mode II fracture. 
It is shown that fracture mechanics has now been established as a fundamental approach to 
describe crack propagation and subsequent failure of concrete structures. 

l. INTRODUCTION 

Research interest in fracture mechanics of the cracking and subsequent failure of 
concrete structures increased tremendously in the 1980's. Detailed articles published in 
conference proceedingsllJ[ZH3H4H5H6][7][S][91 show clearly that fracture mechanics has now been 
established as a fundamental approach which could explain certain nonlinear aspects of 
concrete behavior, help prevent catastrophic failures of structures, and be an important aid 
in materials engineering. This is evident also from three recommendations of RILEM 
commi ttee [lO] ¡u JllZJ. 

This paper summarized a series of studies on application of fracture mechanics to 
cracking and failure of cement-based materials. The basic concepts of linear elastic fracture 
mechanics (LEFM) are reviewed. Toughening mechanisms in the fracture process zone of 
concrete are discussed. The determination of material fracture parameters of concrete are 
mentioned. Various modified Griffith fracture models and R-curve approaches used to 
describe fracture of cement -based materials are summarized. Mixed m o de and m o de II 
fracture of concrete are discussed. 

2. LINEAR ELASTIC FRACTURE MECHANICS 

Consider a specimen or structure of an elastic-brittle material (such as glass), with a 
crack of length a. When loading is applied, the structure can supply potential energy (U) 
at the rate dU 1 da = G ( termed as the strain energy release rate ). On the other hand, the 
crack propagation at the crack tip needs to consume sorne energy, which is denoted as W 
at the rate dW 1 da = R ( termed as the fracture resistance ). Consequently, the linear elastic 
fracture mechanics (LEFM) criterion for crack growth is: 
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G=R (1) 

R is a material constant for linear elastic brittle materials, whereas G is the function of 
structural geometry and applied loads and can be obtained from handbookl13l or elastic 
analysisl14l. 

G can also be written in terms of the stress intensity factor (K) as, 

¡(l 
G=

E' 
(2) 

where E' = E for the plane stress, and = E/(1-v 2
) for the plane strain, E and v are the 

elastic modulus and Poisson's ratio of the material, and K is the stress intensity factor and 
relates tbe crack-tip stresses and deformations to the imposed nominal or remate stresses. 
Therefore, the criterion (1) can alternatively be written as: 

K=K R 
(3) 

where KR = (E'R)112 is termed as the critical stress intensity factor. According to LEFM 
principies, energy during fracture is dissipated only at the crack tip, and the stresses and 
strains at the crack-tip are allowed to become infinity. 

THE FRACTURE PROCESS ZONE 

Since an inelastic region is present at the crack-tip in a real material, stresses do 
not become This region is often called the fracture process zone. The resulting 
stresses differ from the elastic field only in this zone as in Fig. l. However, LEFM solutions 
can still be applied when the zone is small enough compared to the dimensions of the 
structure. When yielding is main mechanism in the process zone, the ductile fracture which 
occurs (such as structural metals) can be handled with nonlinear fracture mechanics 
solutions based on plasticityP5l. 

The presence of the fracture process zone may be attributed to the inherent material 
heterogeneity of concretef16l. Many mechanisms which are responsible for the fracture 
process zone have been reported. Sorne of these tougbening mechanisms are indicated in 
Fig. 2. During fracture, the high stress state near the crack-tip causes microcracking at 
flaws, which result from water-filled pares, air voids acquired during casting, and shrinkage 
cracks due to the curing process. This phenomenon, known as microcrack-shielding as 
shown in Fig. 2a, consumes sorne external energy caused by the applied loadl17l. Crack 
deflection occurs when the path of least resistance is around a relatively strong particle or 
along a weak interface 2b ). This mechanism has be en studied in detail by Fa.ber and 
Evansl18l. Other important toughening processes in concrete are grain bridgingf19l as 
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shown in 
continues to 
grain pullout or 
between the faces 
bridging across 

occurs the crack has advanced beyond an aggregate that 
stresses across the crack until it ruptures or is pulled out. Also, during 

opening a tortuous crack there may be sorne contact ( or interlock) 
2d). This causes energy dissipation through friction, and sorne 

Many focused on this zone, especially its size and its 
constituents[20l. Results have been influenced considerably by methodology, and 
information has sometimes been contradictory. During the search for a consensus, one 
frequent question is whether fracture process zone should be in front of the crack-tip 
or behind shown by Thouless¡21l both these approaches are equivalent as far as 
structural analysis is concerned. Recently Castro-Montero et al. [221 used laser holographic 
interferometry, with an accuracy of a quarter of a micron, to study displacement fields at the 
crack-tip. The region where the experimentally deterrnined strain field differs significantly 
from the LEFM solution is taken to be the fracture process zone. As shown in Fig. 3, they 
reported a zone (labeled B) behind the observed crack-tip which increased with 
crack whereas a zone in front of the tip (labeled A) which remained practically 

that most of the toughening in concrete occurs in the wake 
zone. suggest that the increasing size of the wake process zone rather than 
the constant size of the crack-tip process zone should be primarily responsible for the 
growmg concrete. observations have been reported for other 
quasi-brittle dye-penetration method, Swartz et al)25H26l 
found that zone varíes along specimen thickness. 

I FRACTURE 

Since the work of Kaplan[27J, many attempts have been made to apply LEFM 
principies to fracture in cement-based composites. As realized in 1971 by Shah and 
McGarry¡28l (with one fracture parameter) cannot be directly applied due to the 
presence of a sizeable fracture process zone in these materials. An accurate description of 
fracture process zone should include the three dimensional aspects of its profile as well as 
the inelastic material response within this zone. Most currently available models attempt 
to simulate fracture process zone with a line crack. These models use two or more material 
fracture parameters, and neglect the variation of the fracture process zone along the 
specimen thickness. 

Generally, the cohesive nature of the fracture process zone can be modeled by a traction 
pressure acting on the crack surface as shown in Fig. 4. The strain energy release rate for 
mode I crack propagation in concrete can then be expressed as[29l: 

CTOD 

G = + J o(w)dw 
E' o 

(4) 
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where K1 is the net stress factor for mode I crack, a(w) is the normal traction 
pressure which is function of opening displacement (w), and CTOD is the crack 
tip opening displacement. A crack is assumed to be a line in Eq. ( 4 ). It can be seen from 
Eq. (4) that the Griffith-Irwin energy dissipation mechanism is represented by a non-zero 
stress intensity factor Dugdale-Barenblatt energy dissipation mechanism is 

U'vL.lVH term. 

Eq. (4) is based on exr)ertmt~ntal observations which indicate the actual crack profile at 
the tip is similar to that from LEFM as indicated in Fig. S[30H31l. However, 
one may approximately use models only based on a single fracture energy dissipation 
mechanism, mechanism by assuming a(w) = O or Dugdale-Barenblatt 
mechanism 

strain 
separation a 
is assumed to initiate 
strength. 

energy dissipation. 
polynomial and 
function influences 
behavior in 
Experimental 
this is difficul t 
proposed a 
computed 
laser holography. 
University 
which were 

model with K1 = O. In their model a critical 
is defined as the area under softening part of stress
are assumed to be the material properties. A crack 

propagate when the principal tensile stress reaches the tensile 

a unique a(w) curve to achieve 
of a(w) curves, induding linear, bi-linear, 

varying functions, been used. The choice of a(w) 
structural response significantlyl33H34l, and the local 

opening, is particu1ar1y sensitive to the shape. 
from tension tests has been suggestedl35l, but 

specimen size and shape. Li et alP61 have 
entire a(w) curve. Miller et al.l31l 

observed in fracture tests through 
approach. Recent studies at the 

interferometry to deduce crack profiles 
in the process zone. 

= O sorne computational effidency may be accomplished. 
However, energy dissipation mechanism may only achieve global 
energy balance by model parameters. Sorne actual features associated with crack 
propagation, such as the crack profile, computed based the pure cohesive model may not 
match with those (see Fig. 5). Until cohesive fracture parameters, 
GF, the tensile the form of a(w), are further identified to be geometry and size 
independent, the require sorne curve fitting. 

The fracture 
energy HH.,vHUH1""1H 

criteria can 
effective 

concrete can also be modeled by a single Griffith-Irwin 
effective elastic crack governed by LEFM 

the actual and the corresponding 
model. the effective crack length 



356 ANALES DE MECANICA DE LA FRACTURA Vol. 9 (1992) 

has been experimentally found to be specimen size and geometry dependent, it cannot 
directly be used as the fracture criterion. Therefore, an additional quantity should be 
introduced as the fracture criterion. Most of these effective crack models use two fracture 
parameters to define the inelastic fracture process. These effective crack models may be 
represented Bazant's size lawf38

][
39l and Jenq and Shah's two parameter 

fracture HJ.'J'-''" 

Using the the effective crack, Jenq and Shahl40l proposed the two parameter 
fracture model as 6a. In their model, the two independent material fracture 
properties are the critical stress intensity factor (K5

1c) and the critical crack tip opening 
displacement are defined in terms of the effective crack. The fracture 
criteria an 

K1=K:c 
CTOD=CTODc 

(5) 

In this model, the effective crack exhibits a compliance equal to the unloading compliance 
of the structure. et al.r41

][
42l have proposed a similar effective crack 

model. 

other geometries as 

obtaining the values of Ic and CTODc is detailed 
As shown Fig. 6b, a three-point bend (single-edge 

specimen is to be tested under crack mouth opening displacement 
a closed-loop system. After the peak, within 95% of the peak load 

is measured. Using Ce and the initial compliance (C0) 

the corresponding critical effective crack length ( ac) can be 
again using the given relations, Ks1c and CTODc of the material 

load This method yields size-independent values for 

(5) that concrete strength decreases with increasing 
to a than falls to zero when the specimens 

spec1men is large enough[43l. 

Planas and Elices[44ll45H46l compared Hillerborg's cohesive model, Jenq and 
Shah's two parameter fracture model and Bazant's size effect law. They concluded that all 
three models are able to predict accurately the maximum loading capacity of concrete 
specimens in the practical of used in laboratory. However, these three models 
may exhibit differences in asymptotic behavior when they are used in the analysis of 
concrete structures larger than those used for determining their parameters in 
laboratory. Planas and Elices argued that the reason for the discrepancy among three 
models at large sizes may be attributed to the inconsistency in the definition of size effect 
in the different models. 
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5. R-CURVE APPROACHES 

To understand the implications of the fracture resistance (R-curve) one may consider 
a structure with an existing crack of Iength a0• The variation of G according to LEFM is 
a function of crack length (a) and applied load (P), as shown in Fig. 7. First consideran 
ideal brittle material where is constant (as in LEFM). As P is increased, G in creases 
along the vertical axis until the crack initiated (point O) at load P1. The propagation is 
unstable since any increase in crack length makes G > R, and subsequently, failure is 
catastrophic. However, for a quasi-brittle material such as concrete, R-curve rises 
monotonically, as in the curve labeled Toughening in Fig. 7. Again, with increase in P the 
crack begins to extend at point O, as in the case of LEFM. Assume that a small increase 
in crack length c1 occurs at load Then, R increases from O to 2, and G increases from 
Oto 1 along line G1. No further fracture can occur at the same load since G < R. This is 
termed stable fracture as opposed to unstable fracture where érack propagation occurs 
without any increase in load. Now, let P increase such that G increases from point 1 to 2 
where again sorne stable extension occurs, and so on. It can be seen that there is stable 
fracture until point 3 after which increase in e leads to R < G. That is, fracture is stable 
until the slope of the G-curve is equal to that of the R-curve. Therefore, the criteria for 
unstable fracture to begin at crack length ac is: 

(6) 

Note that criteria equivalent to Eq. (6) can also be formulated in terms of K and KR, 
instead of G and 

It is dear that the 
failure at crack initiation. 
exhibit longer stable crack 

R-curve causes the structure to be flaw tolerant and prevents 
a material with a more gradual rise in the R-curve would 

The R-curve represents the effect ofthe toughening mechanisms in quasi-brittle fracture. 
Nonlinear fracture LEFM solutions and fracture criteria (Eq. 6) 
with a rising value of fracture resistance The limitation of such approaches, however, is 
the determination of the R-curve is not straightforward; since it is not a material property 
but also geometry-dependent. 

R-curves for concrete have been calculated by Wecharatana and Shahl47l based on 
load-displacement curves and the corresponding visible crack lengths of test specimens. They 
conduded that concrete and mortar exhibit a strong R-curve behavior which is geometry 
dependent. Based on this and other studies, R is generally assumed to rise from zero with 
decreasing slope and ultimately reaches a plateau. 

For an assumed stress distribution at the crack tip of a cohesive zone model, the 
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corresponding R-curve can be derived from LEFM relations. Using the Green's function 
approach, Foote et al.l48l derived the geometry-dependent KR-curve for a given cohesive 
force. Based on the size effect law, Bazant et al.[39l have proposed an R-curve as the 
envelope of different sizes of geometrically similar specimen. 

Planas et al.[49l have related the R-curve to cohesive models by obtaining an 
R(CTOD) function: 

CTOD 

R(CTOD)= f cr(w)dw 
o 

(7) 

According to basic definition of the R-curve (Eq. 6), Ouyang et alP0H511 have 
derived the differential equation governing the R-curve: 

"" 1 ( anR ]( " )n I:- -- - (-.áa)n + R =O 
n=l n! d.áan a-1 

(S) 

where .áa is the crack extension, a is defined as ac/a0, and ac is the critical crack length. If 
only up to second arder terms (n = 2) are considered, the following R-curve can be derived 
by solving Eq. (8): 

(9) 

where the two constants, a and /3, can be determined from K\c and CTODc. It is noted 
that the R-curve given by Eq. (9) is an envelope of G-curves with different sizes but the 
same notch and geometry as shown in Fig. 8. 

6. FRACTURE OF FIBER REINFORCED CONCRETE 

Tension-weak nature of concrete can be improved by addition of fibers in concrete[52l. 
With a variety of processing techniques, it is recently possible to incorporate up to 15% 
fibers by volume into concrete. Fibers in such large quantities fundamentally alter the 
nature of concrete. As a result, the inherent tensile strength and strain capacity of the 
matrix itself is significantly enhanced. The tensile stress-strain curves of cement-based 
matrices reinforced with 8.7% and 13.4% volume fractions of aligned, continuous 
polypropylene fiber are shown in Fig. 9r53l. The contribution of the matrix (shown in the 
inset) was obtained by subtracting the contribution of fibers from the composite response 
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using the of mixtures. It is seen from Fig. 9 that tensile strength of the cement-based 
matrix reinforced with 13.4% by volume of fibers is approximately 15 MPa, whereas tensile 
strength of the plain matrix (Vr = O) is approximately only 4 MPa. The use of fibers makes 
concrete stronger and more ductile. 

The presence of fibers provide an additional toughening to prevent or retard crack 
propagation in concrete. Such additional toughening can be modeled by a closing pressure 
as shown Fig. 10. By adding this additional contribution from fibers, Eq. (4) 
becomesl54l 

G + cJD a(w)dw + ~(jp(x,a)K{(x,a)dxl
2 

o E tio 

(10) 

where p(x,a) is the closing pressure dueto fiber reinforcement ata point x along the crack 
surface, and KF1 is the stress intensity due to a unit load applied at the point x along the 
crack surface. 

Fracture of fiber reinforced concrete can also be described by Griffith-Irwin's fracture 
criteria. Mobasher, Ouyang and Shah¡ss](S6l have extended their R-curve approach to 
fracture of fiber reinforced composites. The presence of fibers reduces both the stress 
intensity factor and the crack tip opening displacement. The instability conditions for 
matrices fiber reinforcement are: 

a e 

Krc = K';(amf, a) - J p(x, a)K{(x, a)dx 
o 

a e 

a0) - J p(x, ac)Q(amf, ac, a0)dx 
tlo 

(11) 

(12) 

where a mf is the critical fracture stress resisted by the toughened matrix, Q is the Green's 
function for the crack closure at point a0 due to a unit force applied at point x along the 
crack length, p is the closure pressure at a point x along the crack face, and KF1 is the stress 
intensity dueto a unit load applied at the point x along the crack surface. Km1, CTODm, Kt 
and Q can be obtained based on LEFMI13l. An experimentally or a theoretically derived 
fiber pull-out slip curve can be used as the closing pressure. Two unknowns, amr and ac, can 
be obtained from Eqs. (11) and (12). Parameters a and f3 can then be determined, and 
mechanical response of matrices reinforced by fibers can be predicted. A substantial 
agreement between theoretically predicted and experimentally observed results of the 
max1mum contribution been obtainedl55ll56l. 
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7. MIXED MODE AND MODE U FRACTURE 

Mixed mode and mode II fracture are encountered in concrete structures subjected to 
shear or torsion force. Mixed mode and mode II fracture may consume much higher 
fracture energy due to the presence of shear traction force on the crack surfacelS7J[SBJ. 

Theoretically, Eq. ( 4) can easily be extended to describe mixed mode and mode II 
fracturel59l , 

CTOD CTSD 

J o(w)dw + J -r:(s)ds (13) 

o o 

where Kn is the mode stress intensity factor, r(s) is the shear traction force which is the 
function of crack sliding displacement (s), CTSD is the crack tip sliding displacement. For 
mode II fracture and mixed mode fracture with the high ratio of Kn/K1, the shear traction 
term in Eq. (10) may play an important role in fracture processing. Because of the difficulty 
in formulating the expression for r(s), most of studies in this area are limitcd to mixed 
mode fracture with the low ratio of Ku/K1, where effect of the shear traction may be 
negligible. 

Jenq and Shahl60l have extended their two parameter fracture model to predict mixed 
mode fracture. criteria mixed mode crack are (see Fig. 11): 

(14) 

When the ratio of Kn/KI is not high, Eq. (11) can predict the path of crack propagation and 
the ultimate loading capacity of the specimen. 

Jenq and Shahf61l have used Eq. (11) to predict the shear failure loading capacity of 
reinforced concrete beams. In their approach, flexura! cracks (mode I) initiate from the 
tensile face and propagate until the longitudinal rebars. Beyond that mixed mode 
propagation occurs, and is assumed to be along a plane containing the nearest load point 
on the compression face. The mixed mode fracture criterion is given by Eq. (11). The 
effect of the rebars is handled by using the elastic component of the crack opening, at the 
level of the steel, and an experimentally determined force-slip relation. The force in the 
steel can thus be computed. For each crack, the maximum applied load can be determined. 
Different crack-initiation locations are tried and the crack with the lowest maximum load 
is taken as the actual one. The predicted influence of beam size and longitudinal steel ratio 
on the shear strength of reinforced concrete beams (vu) are given in Fig. 12. 

Carpinteril62l studied interaction between tensile failure and mixed mode crack 
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propagation in concrete. found that the ratio of Knc/K1c depends only on the crack 
branching criterion adopted and not on the material features. Based on the concept of the 
cohesive crack, Liaw et have a formulation of the normal traction pressure 
for mixed mode fracture. 

A series of on application fracture mechanics to failure of concrete have been 
summarized in Due to the presence of the sizeable fracture process zone, LEFM 
criterion can not directly applied to fracture of concrete. Based on experimental 
observations, various models have been proposed to describe fracture of concrete. These 
models can be categorized as Griffith-Irwin type effective crack approach and the Dugdale
Barenblatt type cohesive approach. Although intensive studies on fracture of concrete have 
been conducted two decades, many fundamental aspects on fracture process in 
concrete still unclear because of heterogeneity of concrete materials. Further 
progress this primarily depend on broad international cooperations and 
development techniques. 
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Fig. 11 Extension of two parameter fracture model to mixed mode crack 
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