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Abstract. The cohesive zone description has led to the formulation of a simple expression which 
gives the maximum sustainable load for a cracked concrete structure in terms of its dimensions and 
the cohesive zone properties. The strict derivation of this size effect expression applies to the case 
where the structural dimensions are very large in comparison with the cohesive zone size. By analysis 
of specific simple models using idealized cohesive zone behaviours, the present paper demonstrates 
the extent to which the size effect expression can be applied to situations where the dimensions are 
not necessarily very large. 

l. INTRODUCTION 

Many brittle materials, concrete being a particularly 
good example, are characterised by a behaviour such 
that when a crack extends, the crack faces are bridged by 
unbroken ligaments of material. The simplest way of 
quantifying such a behaviour is to use a cohesive zone 
description, whereby the behaviour of the ligaments is 
averaged, and the cohesive zone is characterised by a 
material specific decreasing stress (p) versus increasing 
crack face opening (v) relationship. The maximum 
value of p, i.e. Pe. is,.at the crack tip, which is the 
leading edge of the cohesive zone; the zone is said to be 
fully developed when the stress falls to zero at the 
trailing edge of the softening zone, i.e. at the initial 
crack tip position, a situation that is attained when the 
displacement v attains a critical value ve. For such a 
material, Planas and Elice~ [1,2] have formulated an 
expression which correlater: the maximum sustainable 
mad for a structure with its dimensions and the p-v 
softening law of the material, the strict derivation of 
this expression applying to the case where the 
structural dimensions are very large in comparison with 
the cohesive zone size. However, the expression has 
been used, notably by Bazant and co-workers [3], for 
situations where the structural dimensions are not 
necessarily very large. In view of this usage, it is 
clearly desirable to quantify the accuracy of the size 
effect expression's predictions in these situations. Thus 
by analysis of specific simple models using idealized 
cohesive zone behaviours, the present paper provides a 
limited measure of underpinning for the size effect 
expression when it is applied to situations where the 
dimensions are not necessarily very large. 

2. THE SIZE EFFECT EXPRESSION 

The basis for theoretical considerations is the idealised 
;ituation of a semi-infinite crack in a remotely loaded 
infinite solid, for whid. two important length 

parameters are RAoo and cp (Bazant and co-workers 
terminology [3]). RAoo is the actual fully developed 
cohesive zone size, and cp is the elastically equivalent 
softening zone size. As regards cp, it is noted that the 
far-field deformation pattem is the same as that for an 
effective elastic crack to the order (R/d)2, R being the 
actual zone size and d a characteristic dimension; cp is 
the distance between the trailing edge of the cohesive 
zone and the tip of the effective elastic crack, for the 
limiting case where the asymptotic limit of an infinite
size solid is approached. Planas and Elices [1] have 
provided a general formula which relates cp to RAoo for 
any given p-v softening law. 

The length parameter cp enters directly into the size 
effect expression that is used to correlate the maximum 
sustainable loads for solids with different dimensions, 
as will now be demonstrated. Consider an elastic 
softening solid containing a crack with initial depth ao. 
d is a characteristic dimension, b is the thickness, and 
O'N is a nominal stress eql!ivalent to P/bd where P is 
the applied load. The stress intensity factor K¡ defined 
with regard to a crack of depth a can be expressed in the 
general form 

p 
K¡=- f(a) bfd 

(1) 

where f(a), with a= a/d, is a geometrical shape factor. 
Following Planas and Elices [2], the effective crack 
concept allows the J integral [ 4] to be expressed in the 
form 

J = _!_ [K¡Cao + L\ae)J2 
E o 

(2) 

when the cracked solid, initial crack depth = ao. is 
loaded; E0 is equal to E/(1-v2) for plane strain 
deformation with E being Y oung's modulus and v 
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being Poisson's ratio . .1ae is the elastically equivalent 
cohesive zone size, it being assumed at this stage of the 
analysis that the zone is not necessarily fully 
developed. The right hand side of expression (2) can be 
expanded to the frrst two terms to give 

2 
J = KIN [ 1 + g'(ao) t1ae] (3) 

Eo g(ao) d 

In this expression, which is valid for large structural 
dimensions, i.e. when llaefd is small, g(a) is related to 

f(a) by the relation f(a) = .V g(a), and g(a0 ) is the 
·.-alue of g(a) when a= a0 = ao/d, while g'(ao) is the 
'aloe of g'(a) = dg/da when a= a0 ; Km is the stress 
mtensity defined with regard to the initial crack tip, i.e. 
relation (1) with a= ao: 

(4) 

Now J, as given by relation (3), is equal to the area Wp 
under the p-v softening curve up to a value of v which 
equates with the relative displacement v0 at the trailing 
edge of the softening zone, ie. at the initial crack tip. 
Thus 

2 
KIN [ g'(ao) t1aeJ v 0 

J=- 1 + --- =Wp= JP(v)dv (5) 
Eo g(ao) d 

o 

With positive geometries for which the shape factor 
f(a) or g(a) increases with crack extension, Planas and 
Elices [2], and also Bazant and co-workers [3], have 
used general arguments to show that the maximum load 
can be obtained using relation (5) with .1ae = cp, the 
elastically equivalent cohesive zone size for a semi
infinite crack in a remotely loaded infinite solid; WF = 
Gp is the specific fracture energy associated with a fully 
developed cohesive zone, i.e. v0 in relation (5) is equal 
to the critica! value Ve of v at which the stress p 
becomes zero. (For a p-v law where p falls 
discontinuously from a finite value to zero when v0 = 
ve. th~ maximum load is asmciated with the attainment 
of a fully developed softening zone with small cp/d [5]. 
On the other hand if p approaches zero continuously as 
v0 -> Ve, as with a linear p-v softening law, the 
maximum load is attained prior to the full development 
of a softening zone [6]). The resulting size effect 
expression, which gives the maximum load, and which 
is strictly valid for small cp/d, is consequently 

(6) 

This relation has been used, notably by Bazant and co
workers [3), as an approximate representation of the 
true state of affairs for all cp/d, not merely small cp/d. 
~Jsing relation (4), relation (6) gives the maximum load 
P m in the form 

Pm ~ EoGF 
1rl = g'(ao)cp+g(ao)d 

and this form of the size-effect expression is frequently 
quot.ed by Bazant and co-workers [3]. 

The preceding discussion has been with regard to 
positive geometries where g'(a) is positive. With 
negative geometries where g'(a) is negative, by 
following arguments similar to those that have been 
used for positive geometries, it is easily shown that 
relations (6) or (7) give the load required for the full 
development of a cohesive zone; in this case the 
maximum load situation will occur at sorne later stage, 
when the crack together with its fully developed 
cohesive zone has propagated to sorne extent. 

3. VALIDATION OF THE SIZE EFFECT 
EXPRESSION FOR A CONST ANT STRESS 
COHESIVE ZONE BEHA VIOUR 

Earlier work by the author [5,6] has been concemed 
with validating the size effect expression as it applies 
to small cp/d, and the results support the use of the 
expression for a range of geometrical configurations. 
Two types of softening behaviour were considered: (a) 
The idealised p-v law [5) for which p =Pe forO< v < 
A.ve. p = qpe for A.ve < v< Ve, and p =O for v > Ve, 
where A. and q are both small; such a law is particularly 
appropriate in simulating the softening behaviour of 
plain concrete, for which there is an initial rapid 
softening to a low stress level at a small displacement, 
followed by a long tail that is associated with a low 
stress, (b) A softening behaviour [6] which assumes 
that the stress decreases linearly with distance as 
measured from the crack tip into the softening zone. 

The present paper extends these considerations to the 
more general case where cp/d is not necessarily small. 
However, to facilitate the analysis, this section focuses 
on the highly idealised cohesive cohesive zone 
description for which p =Pe forO< v <Ve and p =O 
for v >ve; this is the classic Dugdale- Bilby- Cottrell 
- Swinden (DBCS) representation [7 ,8] where the stress 
within the cohesive zone retains a constant value. With 
such a description, for positive geometries with which 
the present paper is concemed, maximum load is 
associated with the attainment of a fully developed 
zone. For this idealised cohesive zone behaviour, 
standard results for the parameters Gp, the specific 
fracture energy, and cp, the elastically equivalent 
cohesive zone size for a semi-infinite crack in a 
remotely loaded infmite solidare 

Gp =Pe Ve 

1tEo Ve 
cp= 24 

Pe 

(8) 

(9) 

i.e. cp is one-thrid of the actual fully developed 



ANALES DE MECANICA DE LA FRACTURA Vol.ll (1994) 43 

cohesive zone size for a semi-infinite crack in a 
remotely loaded infinite solid. The remainder of this 
section is concerned with the validation of relation (6) 
for a11 cp/d, for selected geometrical configurations. 

2a 

Fig.l. The model of an isolated crack in a uniformly 
stressed infmite solid; there are fully developed cohesive 
zones at each crack tip. 

The frrst configuration that will be considered is shown 
in figure 1, where an isolated two-dimensional crack in 
an infinite salid is subjected to a uniform applied 
tensile stress cr normal to the crack plane; it is assumed 
that there is a fully developed cohesive zone at each 
crack tip. The initial crack size is 2ao and the crack size 
at the attainment of the fdly developed zone is 2a; 
there are therefore fully developed cohesive zones of 
size R = a - ao at each crack tip. For this situation K¡ = 
&o with regard to the initial crack tip, i.e. 
g(a.o)cx(aofd), whereupon relations (6), (8) and (9) give 
the maximum stress O"ms (associated with the full 
development of a cohesive zone) as 

(10) 

or 

(11) 

with GF and cp being given respectively by relations 
(8) and (9). O"ms• as given by relation (11), is the stress 
maximum O"m that is obtained using the size effect 
expression (6) and it will now be compared with the 
exact value, i.e. O"me· The standard result for this 
DBCS type model [7 ,8] is 

cr = 2pc sec-1 exp(1tEoVc)= 2Pc sec-1(1+~) (12) 
me 1t 8pcao 1t ao 

which can be written in the form 

(13) 

It immediately follows from relations (11) and (13) that 
the ratio of the size effect expression maximum stress 
O"ms to the exact value O"me is 

O"ms 1 _ ~ 
O"me = sec-1(exp3x) 'J 1"+x" (14) 

with x = cp/ao. Values of the ratio O"ms/O"me for x = 
cp/ao up to 3 are shown in table l. It is seen that the 
size effect expression gives the maximum sustainable 
stress to within- 10% up to cp/ao = 1; i.e. up to R/ao 
- 20 (see relation (12)); thereafter it overpredicts the 
maximum stress, the degree of the overprediction 
increasing with cp/ao. 

Cp 
x=- ~ 

ao O" me 
o 1 

0.25 1.015 
0.50 1.051 
0.75 1.094 
1.00 1.139 
1.50 1.216 
2.00 1.275 
3.00 1.350 

00 1.559 

Table l. The ratio O"ms/O"me for various values of 
x=cp/ao; isolated crack and a constant stress cohesive 
zone. 

Now consider the model (figure 2) of a solid containing 
two symmetrically situated deep cracks and with 
tension of the remaining ligament, due to the 
application of loads P at a great distance from the 
ligament along the central axis which bisects the 
ligament; it is assumed that there is a fully developed 
cohesive zone at each crack tip. The initial ligament 
size is 2L0 and the ligament size at the attainment of a 
fully developed cohesive zone is 2L; there are fully 
developed cohesive zones of size R = L0 - L at each 
crack tip. 

R 2L R 

Fig.2. The model of an infinite salid containing two 
symmetrically situated deep cracks and with tension of 
the remaining ligament; there are fully developed 
cohesive zones at each crack tip. 
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For this situation, K¡ = p¡..J 1tL0 with regard to the 
initial crack tips, and then the size effect expression (6) 
gives the maximum sustainable load Pms (associated 
with the full development of a cohesive zone) as 

E0 Gf = 1 + cp 

(~;) Lo 

(15) 

or 

(16) 

with GF and cp being given respectively by relations 
(8) and (9). The maximum load i.e. Pms• as given by 
relation (16), is that which is obtained using the size 
effect expression (6), and it will now be compared with 
the exact value, i.e. Pme· This value is given [9] by the 
relations 

1tE0 vc 
4PJ-o = (1+X)1n(l+x)+(1-X)ln(l-x) (17) 

P ~2R ( R) X - ..!...l!llL- - 1 ·-- 2pcL0 - L0 - 2L0 
(18) 

expressions which are valid provided the cohesive zones 
do not extend completely across the ligament, i.e. 
provided that X < 1, or R < L0 , the appropriate 
condition being (see relation (17)) 

(19) 

These relations can be rewritten so asto give Pme as 

with 

1 
2 

X (20) 

Cf 
Lo = (1+x)ln(1+x)+(l-x)Jr.(1-X) (21) 

provided that (cp/L0 ) < (ln2)/3. It immediately follows 
from relations (15), (20) and (21) that 

~ -~ [(iJ 
Pme - 'J ¡:¡:q (

q = .9: < ln2) (22) 
Lo 3 

with X being given by the relation 

6q = (1+x)ln(l+X)+Cl-X)ln(1-X) (23) 

with q = cF/L0 • The ratio Pms/Pme increases with q = 
cp/L0 up to q = (ln2)/3 when the ratio has a value of 
1.061. The size effect expression therefore gives the 
maximum sustainable load reasonably well (to within 
less than 10%) up to the stage where the cohesive 
zones completely traverse the ligament, i.e. plastic 
collapse conditions. 

e 

Fig.3. The model of an infinite salid containing two 
symmetrically situated deep cracks with loads P applied 
to the surfaces of the cracks at the positions indicated; 
there are fully developed cohesive zones at each crack 
ti p. 

Finally, consider the model (figure 3) of a so lid 
containing two symmetrically situated deep cracks such 
that the initial remaining ligament width is 2b0 , the 
crack faces being subjected to tensile loads P that are 
applied at a distance W > b0 from the central vertical 
axis; as with the model in figure 2, it is assumed that 
there is a fully developed cohesive zone (length R) at 
each crack tip. For this situation [10]. 

K¡= 2PW 

.V 1tb0(W2-b~ 
(24) 

with regard to the initial crack tips. In this case, the 
size effect expression (6) gives the maximum 
sustainable load Pms (associated with the full 
development of a cohesive zone) as 

Pms= 
1ta0(1-a~WEoGp 

( 

(1-3a~ C..E_) 
4 1+ 

(1-a~ bo 

L 
2 

(25) 

with a0 = b0 /W, and with Gp and cp being given 
respectively by relations (8) and (9). Expression (25) is 
applicable provided the salid geometry is positive, i.e. 
provided that K¡ (as given by relation (24)) increases 
with crack extension, this being the case if ao = b0 /W 
is < 1r/3; otherwise the right-hand side ofrelation (25) 
gives the load needed for the cohesive zones to be fully 
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developed, but not the maximum sustainable load. The 
maximum load, i.e. Pms• as given by relation (25), is 
that which is obtained using the size effect expression 
(6), and it will now be compared with the exact value, 
i.e. Pme· This value is given [11) by the relations 

(26) 

(27) 

with x0 = c/b0 • W e need consider only the situation 
where the cohesive zones just traverse the ligament; 
this condition is attained when Xo -> O, i.e. when (see 
relations (9) and (26)) 

(28) 

For this situation relation (27) gives Pme = Pcbo and 
relations (8), (9) and (25) then give the ratio Pms/Pme 
as 

Pms_ 
Pme-

6(1-a~(cp/b0) 

( 

(1-3a~ cpJ 
1+ -

(1-aJ bo o 

1 
2 

which can be wriuen, using relation (28), as 

(1-a~ 
(1-3a~ 1 + ----=---
6(1-a~ In ( 4 2J 

1-a
0 

(29) 

(30) 

For positive geometries, ao ranges between zero and 

Ir/3, and at the extremes, the ratio Pms/Pme as given 
by relation (30) has values 1.06 and 1.09. It may 
therefore be concluded that the size effect expression 
gives the maximum sustainable load to within 10%, 
for positive geometry situatons, up to the stage where 
the cohesive zones complete! y traverse the ligament 

This section has been concerned with providing a 
measure of validation for the general size effect 
expression (relation (6) or equivalently relation (7)) 
when it is applied to situations where the structural 

dimensions are not necessarily large, i.e. where cp/d is 
not necessarily small, thereby extending the author's 
considerations [5,6] for the case where cp/d is small. 
Three particular models have been analysed and the 
cohesive zone behaviour considered is the simplest 
possible, in that there is a constant stress Pe within the 
softening zone until the displacement v auains a critical 
value, when the stress falls discontinuously to zero. 
With such a behaviour, when with positive geometry 
situations, maximum load is associated with the 
attainment of a fully developed cohesive zone, it is 
clear that the size effect expression provides a 
reasonably accurate estimate of the maximum load even 
when the cohesive zone size is very large, e.g. with the 
model in figure 1 until the cohesive zone is twenty 
times the initial half crack size (ao), and with the 
models in figures 2 and 3 until the cohesive zone 
traverses the remaining ligament between the initial 
crack tips. These findings are consistent with the 
findings of Elices and Planas [2) who demonstrated, 
with notched beams subjected to three-point bending 
loading and for a DBCS cohesive zone behaviour, a 
close similarity between the maximum load predictions 
obtained by numerical methods and the size effect 
expression for large cohesive zone sizes. It is therefore 
reasonable to assume that, at least for the idealised 
constant stress cohesive zone behaviour, the size effect 
expression (6) will in general provide a reasonable 
accurate estimate of the maximum load. In the next 
section we extend the considerations to the case where 
there is softening in the cohesive zone, using a simple 
piece-wise softening law. 

3. VALIDA TION OF THE SIZE EFFECT 
EXPRESSION FOR A PIE CE-WISE 
SOFTENING LA W 

The simple piece-wise softening law that will be used 
in the present section, and which was used in the earlier 
analysis [5) for the case where cp/d is small, is that for 
which p =Pe forO< v <A. ve, p = qpe for A. ve < v <Ve 
and p =O for v > Ve (figure 4). 

p 

Pe 

qpe 

V -Ve 

Fig.4. The piece-wise softening law 

The choice of the parameters A. and q allows a wide 
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range of softening behaviours to be investigated in a 
relatively simple analytical way. In this section we will 
concentrate on the situation where A. and q are both 
small, thus simulating the behaviour of plain concrete, 
where there is an initial rapid softening toa low stress 
level at a small displacement, followed by a long tail 
that is associated with a low stress. The specific 
fracture energy Gp can be partitioned into two parts: 
G¡ = APeVe being associated with the initial region and 
Gr = qpc ve being associated with the tail region of the 
softening law. The situation will be simplified even 
further by replacing this softening description by one 
where there is a non-zero stress intensity K¡c and the 
crack tip, with K¡c2/E0 = G¡, while there is a constant 
stress PT = qpc within the softening zone until v =ve. 
when the stress falls abruptly to zero. Use of this very 
simple description simplified the analysis of the 
behaviour of an elastic softening material, as will be 
recognized in the ensuing analysis. 

Now the controlling softenipg zone parameters in the 
size effect expression (6) are Gp, the specific fracture 
energy, and cp, the elastically equivalent cohesive zone 
size for a semi-infinite crack in a remotely loaded 
infinite solid. Gp is given by the expression 

where 13 = G¡/GT. cp is given by the expression (see 
[S]) 

Cp =~;:.o [ 1 + 2 -v 1~13 J e.J 1+13- {j3 )2 

(32) 

If these values of Gp and cp are inputted into relation 
(6) for a specific positive geometrical configuration, 
i.e. a configuration for which the shape factor f(a) or 
g(a) is known, then we arrive atan expression giving 
the maximum load for that configuration. Against this 
background, we again consider the model in figure 1, 
where an isolated two-dimensional crack of initial 
length 2ao is situated in an infinite salid which is 
subjected to a uniform applied tensile stress cr normal 
to the crack plane, such that cohesive zones develop at 
the crack tips. With this configuration, the stress 
intensity factor K¡ as referred to the initial crack tip is 

K¡= crJ1t3;, and g(ao) ex (ao/d). Expressions (6), (31) 
and (32) taken together therefore give the maximum 
stress O"ms as determined according to the size effect 

expression; thus with Kms = O"ms ..J 1tao , we have 

Kms gives the stress maximum as obtained using the 
size effect expression, and it will now be compared 
with the exact value, i.e. Kme· 

Returning to figure 2, there is a partially developed 
softening zone of length R = a-ao at each crack tip, the 
stress intensity at the leading edge of a softening zone 
being K¡c while the tensile stress within each zone is 
PT· Following arguments that have been fully presented 
elsewhere [12], standard results [10] for a line force 
applied to the faces of a crack give the opening 
displacement v0 at the trailing edges of the softening 
zones, i.e. at the initial crack tips, as 

v = 8_PT_ao_ ln (-a-) + 4K¡c~ 
o 1tEo ao _r-Eo "'V1ta 

(34) 

while the stress intensity KA at the actual crack tip due 
to the applied loadings is given by the expression 

With x = Rlao. relation (35) shows that dcr/dx = O and 
cr is a maximum when 

(36) 

the maximum in cr occurring when 

1 + X = 1.. + .... '-
1 

+ 1 (37) 
"' V "'2 When cr attains its maximum value, the displacement 

v0 atan initial crack tip is given (see relation (34)) by 
the expression 

and consequently the stress maximum is reached befare 
a zone is fully developed (v0 =Ve) if (see relation (38)) 

an inequality which clearly shows that the attainment 
of the stress maximum prior to the attainment of a 
fully developed softening zone is favoured by a small 
initial crack size and a low 13 value, i.e. by most of the 
specific fracture energy being associated with the tail 
region of the softening law. 

When the inequality (39) is satisfied, relation (35) gives 
the maximum stress O"m sustainable by the salid when 
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it contains a crack with initial size ao. i.e. 

O"m = K¡c + 2PT cos-1-1-
...¡ 1tao(1+x) 1t ! (1+x) 

(40) 

with x being given in terms of the parameter '1' by 
relation (37). If the inequality (39) is not satisfied, the 
maximum sustainable stress O"m is associated with the 
attainment of a fully developed softening zone, and then 
relation (34) with v0 =ve. together with relation (35) 
gives 

(41) 

where e= cos-1(ao/a) is given by the relation 

1 { _ r::- sine } 1 - lnsece + " 2 '1' -- =-
'1' ..Jcose ~ 

(42) 

Expressions (40) and (41) relate the maximum 
sustainable stress O"m to the initial crack size, and they 
can be expressed in terms of the applied stress intensity 

K me = O" m ..J 1t3o referred to the initial crack tip. Thus 
within the regime where the attainment of maximum 
stress occurs prior to the full development of a 
softening zone, i.e. the inequality (39) is satisfied, Kme 
is given by the expression 

Kme = _1 - + _1_ cos-1 _1_ (43) 
K¡c ...¡ 1 +x ...¡ 2'1' (1+x) 

with x being related to '1' via relation (37). On the other 
hand, when the stress maximum coincides with the 
attainment of a fully developed softening zone, i.e. the 
inequality (39) is not satisfied, Kme is given by the 
expression 

(44) 

with e being given by relation (42). 

In order to effect a comparison between the piece-wise 
softening behaviour and the constant stress zone 
behaviour analysed in the preceding section, it is only 
necessary to consider a typical piece-wise behaviour. 
Thus consider the case where the specific fracture 
energy is partitioned equally between the initial and tail 
regions, i.e. G¡ = Ch and ~ =1. lt then follows from 
inequality (39) that the stress maximum is attained 
prior to the attainment of a fully developed softening 
zone if 

1tEoVc 
"' = -8 - > 2.405 PTélo 

(45) 

Since with this specific softening behaviour, relation 

(32) gives cp as 

Cf = 1tEoVc (12.- 1) 
24PT 

(46) 

it follows that the stress maximurn is attained prior to 
the attainment of a fully developed softening zone if 
cp/a0 > 0.332. At this lirniting value of cp/ao for 
which '1' = 2.405, relation (42) gives e = 48° and 
relation (37) gives x = 0.499; noting that Gp = G¡ +Gr 
= 2(h, it then follows that E0 GF/Kme2 is equal to 
1.389, which is only slightly in excess of the value 
1.332 that arises from the size effect expression (see 
relation (33)). It is therefore only necessary to consider 
in detail the case where the stress rnaximum is attained 
prior to the attainment of a fully developed softening 
zone, i.e. where '1' • 1tE0 vc/8pTao > 2.405. Then 
relations (37), (43) and (46) allow E0 Gp/Kme2 to be 
obtained for various cp/ao values >0.332; the results are 
shown in table 2, and also in figure 5, where the 
behaviour for cp/ao < 0.332 has been faired in, it being 
very close to the size effect expression (9) which is also 
shown together with the results (see relation (13) for 
the constant stress cohesive zone case. The results in 
figure 5 show that the size effect expression gives the 
maximum sustainable stress to within - 10% up to 
cp/ao = 1, for the piece-wise softening behaviour. 

1tEovc cp EoGF 
"'= 8Pf3o 3o K2me 

5 0.690 1.659 
10 1.381 1.817 
15 2.071 1.874 

Table 2. EoGp/K2me for a range of cp/ao values for 
the piece-wise softening behaviour for which G¡=GT; 
isolated crack model. 

5 

4 

3 

2 

1 

E G IK2 
O F'¿~ me 

--
SIZE 

EFFECT 

PIECE-WISE 

o~~~~~~~~~~~~ 

0.0 0.5 1.0 1.5 2.0 2.5 

Fig.S. E0 Gp/K2me as a function of cp/ao (lower full 
curve) for the piece-wise softening behaviour for which 
G¡=(h; the dotted line shows the result obtained using 
the size effect expression, while the upper full curve 
refers to a constant stress cohesive zone. 
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4. DISCUSSION 

This paper has been concemed with the validation of 
the size effect expression that is often used to give the 
maximum sustainable load for a cracked concrete 
structure in terms of its dimensions and the material's 
softening characteristics. The strict derivation of the 
expression, for positive geometrical configurations, 
applies to the case where the structural dimensions are 
very large in comparison with the softening (cohesive) 
zone; nevertheless it is used in situations where the 
dimensions are not necessarily very large. It is with 
regard to the validation of the expression in such 
situations that the present paper has been concemed. 
The paper has analysed (Section 2) three models using 
the simplest possible cohesive zone behaviour where 
the stress is constant within the cohesive zone, and the 
size effect expression provides a reasonably accurate 
estímate of the maximum load even when the cohesive 
zone size is very large. 

For the particular model of an isolated crack in an 
infmite salid, the constant stress zone analysis has been 
extended (Section 3) to the case where the zone exhibits 
a simple piece-wise softening behaviour. The constant 
stress softening zone analysis shows that the linear 
relation between E0 Gp/K2m and cp/ao, as given by the 
size effect expression, where Km is the maximum 
stress intensity referred to the initial crack tip, lies 
below the exact relation (see figure 5), though the size 
effect expression gives the maximum sustainable stress 
to within - 10% up to cp/ao =l. With the particular 
piece-wise softening behaviour analysed in this paper, 
where the "initial" fracture energy G¡ is equal to the 
"tail" fracture energy Gp artd for which the results are 
also presented in figure 5, the size effect linear relation 
is initially below the exact relation (as with the 
constant stress behaviour), but then líes above the exact 
relation with large cp/ao. Nevertheless the size effect 
expression gives the maximum sustainable stress to 
within - 10% up to cp/a0 =1. Thus the general 
conclusion that emerges frmn the present paper's study, 
is that the size effect expression has wide ranging 
applicability, at least for ten sil e type loading 
configurations. 

It is interesting to compare this paper's results with the 
numerical results obtained by Planas and Elices [1] for 
notched bearns subjected to three point bend loading 
with an initial notch-to-depth ratio of 0.5, and with 
three types of softening behaviour: constant stress 
cohesive zone behaviour, linear softening and quasi
exponential softening, the latter being the most 
realistic simulation for tt,e softening behaviour of 
concrete. When their results are converted to the type of 
plots used in this paper, Le. E0 Gp/K2m versus the 
ratio of cp to a structural dimension, it would seem that 
there is general consistency with this paper's 
conclusion, i.e. the size effect expression gives the 
maximum sustainable stress to within -10% up to 

cp/ao =1 , although it is difficult to be sure about the 
consistency with the quasi-exponential law. However 
there is a difference between their results and those 
obtained in the present paper, in that with the bending 
results the linear size effect relation plot always lies 
above the exact relation plot, whereas this is not so 
with the tensile loading configuration considered in the 
present paper. Thus (see figure 5) with a constant stress 
cohesive zone behaviour, the size effect relation 
E 0 Gp/K2m versus cp/ao plot for the isolated crack 
model always below the exact relation plot, a 
conclusion which also applies to other tensile type 
loading configurations analysed in Section 2. 

ACKNOWLEDGMENTS 

This work has been performed on behalf of AEA 
Technology, and the paper is published with their 
permission. The work has also benefitted from 
discussions in this general problem area with 
Professors Manuel Elices and Jaime Planas, 
Polytechnic University of Madrid, Spain, via the 
British/Spanish Joint Research Programme (Acciones 
Integradas). 

REFERENCES 

[1] Planas, J., Elices, M. , Int. Jnl. of Fracture, 51 
(1991) 139. 

[2] Elices, M., Planas, J., Application of Fracture 
Mechanics to Reinforced Concrete, Ed. A. 
Carpinteri, Elsevier Applied Science (1992) 169. 

[3] Bazant, Z.P., Kazemi, M. T., Int. Jnl. of Fracture, 
44 (1990) 111. 

[4] Rice, J.R., Fracture (edited by H. Liebowitz), Vol. 
2, Academic Press, New York (1968) p. 191. 

[5] Smith, E., "The elastically equivalent fracture 
process zone size for an elastic softening material: 
11 A simple piece-wise softening law", paper 
accepted for publication in Mechanics of Materials 

[6] Smith, E., "The size effect expression for an elastic 
softening material", paper prepared for publication. 

[7] D.S. Dugdale, J. Mech. Phys. Solids, 8 (1960) 
100. 

[8] Bilby, B.A., Cottrell, A.H., Swinden, K.H., Proc. 
Roy. Soc. A272 (1963) 304. 

[9] Smith, E., Int. Jnl. of Fracture, 23 (1983) 213. 
[10] Tada, H., París, P.C. Irwin, The Stress Analysis 

of Cracks Handbook, Del Research Corporation, 
Hellertown, Pennsylvania, USA (1973). 

[11] Smith, E., Int. Jnl. Eng. Science, 19 (1991) 
1283. 

[12] Smith, E., "The criterion for the attainment of 
maximum load for a cracked elastic softening 
so lid", paper accepted for publication in J ni. 
Materials Science. 


