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Abstract. A model for crack growth in ceramic matrix composites with creeping fibers has 
been developed using a time dependent bridging law to account for the effect of fibers 
bridging a matrix crack. Time dependent crack growth was predicted when the matrix crack 
growth occurs at a critical stress intensity factor at the matrix crack tip. Crack growth rates 
are presented as a function of crack length and time. After the crack has grown completely 
across a laminate, life is controlled by the time to rupture exposed creeping fibers. A 
transition is expected from life dominated by matrix crack growth at low stress to life 
dominated by fiber creep rupture after crack growth at higher stress. 

l. INTRODUCTION 

The creep rupture behavior of ceramic 
matrix composites (CMCs) is most 
harmful when the fibers exhibit creep 
behavior and the matrix is elastic [1,2]. 
Stress relaxation in the creeping fibers 
causes load to be shed to the matrix, 
increasing the likelihood of matrix 
cracking. Matrix cracks will cause 
additional loading of the fibers, advancing 
creep and possibly leading to creep rupture 
of the fibers. The decaying bridging 
tractions of creeping fibers cause time 
dependent growth of matrix cracks, due to 
the reduction of the shielding effect of the 
fibers. A model for this time dependent 
crack growth is presented here. 

W e consider the growth of matrix cracks 
from naturally occurring flaws in 
unnotched laminated CMCs. In laminated 

CMCs subjected to increasing stress in the 
0° fiber direction, flaws grow into 
tunnelling cracks, which appear frrst in the 
90° layers [3]. (See Figure l.) Since the 
tunnelling cracks propagate through the 
90° plies unstably, this phase of crack 
growth is not affected by creep. 
Subsequently, crack growth will proceed 
stably into the adjacent 0° layers, with 
increasing stress required to increase the 
size of the bridged regían [4]. When the 
fibers creep, however, the bridging 
tractions will decay by relaxation and the 
crack will continue to grow through the 0° 
layers. The time to rupture will depend 
strongly on how long it takes matrix 
cracks to completely penetrate the 0° 
layers. Once they have done so, cracks 
will grow unstably across the specimen 
until the material is held together only by 
creeping fibers. 
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Cracks that have tunnelled through the 90° 
plies and are now growing through the 0° 
plies have an unbridged zone of length 
equal to the 90° ply width. Since the fibers 
and matrix are assumed to have idenúcal 
elastic constants, which is justified in 
many CMCs, the crack growth problem 
for the laminate reduces to the idealization 
shown in Figure 2 with an unbridged notch 
of length 2ao and a partially bridged crack 
of length 2a in an infinite body. 

2. TIME DEPENDENT BRIDGING 
LAW 

The relationship between the opening rate 
of the matrix crack and the stress rate in 
the fibers must be determined. Based on 
this relationship, a standard line spring 
model can be used to determine the time 
derivatives of the bridging stress, which 
are used to update the bridging stress 
profile as time progresses. The time 
dependent bridging law used in our model 
assumes that the matrix behaves elastically 
and the fibers creep linearly [5]. The 
tensile strain rate of the fibers was 
assumed to consist of the elastic response 
and a creep term; 

(1) 

where E is Young's modulus, B is the 
creep coefficient, O'f is the stress in the 

fiber, and Ór is the rate of change of stress 
in the fiber. A constant shear sliding stress 

't was assumed to exist along a slip zone 
whose length is time-dependent. The 
following bridging law results from a 
shear lag cell model similar to the elastic 
rate-independent case [5]. A simplified 
version of the bridging law is [6] 

B(x) = 2/.,cr(x)[ ó(x)+~cr(x)] (2) 

where o(x) is the rate of change of crack 

opening at position x along the crack, cr(x) 

is the bridging stress at x, ~ is a modified 
creep coefficient given by 

BE 
~ = 2(1- f) 

(3) 

and 

(4) 

In these expressions, the elasúc properties 
of the matrix and fiber are the same (e.g. 
SiC/SiC) and f is the volume of fibers 
having diameter D. When B=O (i.e. no 
creep ), the bridging law is the classical one 
for ceramic composites [7 -10]. 

3. NUMERICAL PROCEDURE 

The simplified bridging law given by 
equation (1) was used to calculate crack 
velocity as a function crack length. The 
crack is modelled as if it were embedded 
in elastic material and the solution 
technique is very similar to the static case 
[11,12]. The problem is solved by 
determining the time step, .1-t, necessary to 
advance the crack by a given increment in 
length, denoted .1-a . .1-t is determined as the 
time required for creep to reduce the 
bridging tractions sufficiently for the 
requirement that the crack tip stress 
intensity Ktip equals the matrix toughness 
Kc to be maintained following the crack 
growth increment. Since the problem is 
nonlinear, this must be done by iterating 
o ver estima tes of .1. t. The crack growth 

increment .1-a causes the crack tip stress 
intensity factor to rise, so that the balance 
among crack growth, shielding and creep 
relaxation of the bridge is maintained. 

At each stage, consistency between the 
crack opening profile, the bridging stresses 
and the applied load must be maintained. 
This is achieved by standard integral 
equation methods in which the relationship 
between the bridging stresses, the applied 
load and the crack opening profile is 
represented by a Green's function. Iteration 
on the bridging stresses is then carried out 
to solve the integral equation, given that an 
increment of crack opening is occurring 
during this process. A full description of 
the method is given in [6] which used an 
approach based on the techniques 
described in [ 11, 12]. Once the bridging 
stress profile has been computed for a 
given value of Dt, the crack tip stress 
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intensity factor is evaluated using the 
standard weight function relationship for 
crack surface tractions on a finite crack in 
an infinite body [6]. If the crack tip stress 
intensity factor equals or exceeds the 
matrix toughness at the end of the 
increment, Dt is too large; if Kti is 
smaller than the matrix toughness, Ót is 
too small. Iteration is pursued varying Dt 
until Ktip = Kc to sorne specified precision 
after the crack growth increment. Finally, 
the crack growth rate v = da/dt is 
computed by interpolating the computed 
crack length versus time curve with 
polynomials over a few increments. 

4. RESULTS 

The predicted crack velocity as a function 
of crack length for severa! notch sizes and 
load levels is shown in Figure 3. The 
curves shown in Figure 3 represent a 
universal set of results for composites 
exhibiting the behavior outlined in the 
introduction, given that the fiber and 
matrix have identical elastic properties. All 
relevant combinations of material property 
constants are contained in the 
normalizations. The term am in the 
normalization of velocity and crack length 
is 

nE ame A. a = ---'-'"'--
m 4 (5) 

where <Jmc is the matrix cracking stress 
[10] given by 

a = [12Eetr]x (6) 
me D(l-f) 

and r is the matrix toughness. The applied 

stress is <J a . The generalizations of the 
normalizing parameters when fiber and 
matrix have different elastic properties is 
given in [6]. 

The starting point for the velocity curves 
in Figure 3 is the crack length 
corresponding to the condition Ktip = Kc 
for a given applied load level, which 
creates an initial bridge with a length 
dependent on the applied load [3,4,6]. 

Increasing the applied load increases the 
initial bridged crack length. Thus, velocity 
curves with higher loads will start further 
along the crack length axis. The initial 
crack velocities are high because creep 
allows the initially high fiber bridging 
stresses to decay rapidly. The relatively 
rapid crack growth at the beginning causes 
fiber bridging stresses to rebuild elastically 
and the crack slows down. After the initial 
deceleration, the crack growth rate steadily 
increases as the crack lengthens and the 
crack accelerates monotonically thereafter. 
For large crack lengths (beyond the 
deceleration transient), the crack velocity 
appears to be asymptotically independent 
of initial crack size. The bridging traction 
profile is found to be very similar for 
different initial crack sizes in this regime 
and depends only on current crack size and 
applied load. Crack acceleration in the 
long crack domain also declines with crack 
length and increasing applied stress. 
However the logarithmic scale on the 
ordinate of Figure 3 minimizes the 
appearance of increases in velocity. 

Integration of the reciproca! of the velocity 
shown in Figure 3 with respect to crack 
length yields the crack length as a function 
of time. Typical results are shown in 
Figure 4 for one initial crack size and 
several load levels. As expected from 
Figure 3, the time to a given crack length 
depends strongly on the load level. Figure 
4 also indicates that the deceleration 
transient sometimes dominates the time to 
extend the crack to significant lengths. For 

instance, for stress <Ja/<Jmc = 0.4, a deep 
narrow dip in Figure 3 corresponds to the 
long times taken to achieve modest 
extensions of the crack as shown in Figure 
4. In a laminated composite as shown in 
Figure 1 with plies of equal thickness, the 
critical crack length is a = 3a0 ; that is, 
crack growth across the first 0° ply. For all 
the cases shown in Figure 3, crack growth 
up to this critical length is dominated by 
the deceleration transient. 

5. DISCUSSION 

The rupture time of a composite can be 
considered to have two components. The 
first component is the time required to 
grow matrix cracks across the 0° plies. All 
such plies will be affected by matrix 
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cracks growing across them and they will 
either link up or a given crack will 
propagate unstably across all zero degree 
plies. This component of the rupture time 
can be estimated directly from the results 
shown in Figure 4. The second component 
of the rupture time of the composite is the 
time required to cause creep rupture of the 
fibers holding the remaining intact pieces 
of material together. This contribution to 
the time to rupture, lr· is estimated by 
considering fibers loaded uniformly. This 
gives [6] 

(7) 

where Ec is the critical true strain for 
rupture. For Nicalon SiC fibers, a critica! 
strain of Ec = 1% has been suggested [13]. 
U se of this critical strain with B = 
6.5lxl0-16 (Pa srl (determined for a 
temperature of 1200 e from the creep 

curves in [13]), cra = 150 MPa, and f = 1/3, 
Eq. (7) predicts the approximate creep 
rupture time for the fibers as 1r "" 9.4 
hours. 

This creep rupture time of the fibers can be 
compared directly with results presented in 
Figure 4. For the case of a common 
SiC/SiC composite, the values used above 

correspond to the case where aa/ame = 
0.6. For the case where aJam = 2 and B is 
the same as above, the time needed to 
penetrate the first 0° ply (crack length 
alam = 6) is t "" 8.2 hours. Thus stable 
matrix crack growth and creep rupture of 
the fibers after crack growth is complete 
take similar amounts of time in this case. 

The initial crack velocity varíes very 
strongly with applied load as shown by 
Fig. 3. On the other hand, lr• which is 

inversely proportional to cra has a weaker 
dependence. Therefore, a transition will 
occur from a lifetime dominated by creep
controlled crack growth at lower applied 
loads to a lifetime dominated by creep 
rupture after crack growth at higher loads. 

6. CLOSURE 

Solutions have been presented for the 
problem of a crack growing through a 
brittle matrix when it is bridged by 
creeping fibers. The crack velocity is 
characterized by a transient deceleration, 
during which the stress in fibers near the 
edge of the unbridged segment of the 
crack falls rapidly through creep. 
Subsequently acceleration occurs during 
which the velocity appears to be most 
strongly influenced by fibers near the 
crack tip. 

The solutions presented are pertinent to 
predicting the creep-rupture life of 
unnotched laminated ceramic matrix 
composites at high temperature. If life is 
defined by the rupture of the laminare, 
then lifetime is dominated by creep
controlled matrix crack growth at stresses 
well below the rate-independent matrix 
cracking stress and by fiber rupture 
following crack growth at higher stresses. 
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Figure l. Schematíc of tunnelling cracks in a laminated composite. 
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Figure 2. Schematic of the crack configuration for growth into the oo plies 
in a laminated composite. 
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