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Plane strain slip line fields for a range of elastic-plastic contained yielding problems have 
been constructed. These include cracks in homogeneous materials subject to both mode I 
and mixed mode loading. Fields have also been constructed for cracks on the interface 
between a rigid substrate and a perfectly plastic material, subject to mixed mode loading 
which may lead to matrix failure. On the plane of maximum hoop stress, fields for non 
hardening and moderate hardening rates can be interpreted as belonging toa single family 
which differ by a hydrostatic terrn ( Q), but are deviatorically similar. The fracture 
resistance of these configurations can thus be unified by a constraint based fracture 
toughness relation ( J - Q). 

l. Introduction 

The deformation fields of strain hardening materials interpolate between linear elastic 
materials and those which exhibit a non-hardening response. This leads naturally to the 
concept that structural materials with low and moderate hardening rates develop 
deformation fields which share many non-hardening features. The present work 
develops this theme in the context of elastic-plastic fracture mechanics. Kinematically 
similar fields which differ only through a hydrostatic stress term have been identified for 
non-hardening materials. These are re-examined with strain hardening to investigare the 
possibility of a constraint based characterisation. Three classes of problem have been 
examined under plane strain, contained yielding conditions. In the frrst group of 
problems crack tip plasticity is discussed for a mode I crack in a homogeneous non
hardening material. The role of higher order terms in determining the level of hydrostatic 
stress at the crack tip is developed following Du and Hancock (1). In this class of 
problem loss of crack tip constraint is associated with negative values of the T stress. 
The same technique has been used to study crack tip plasticity in plane strain mixed mode 
I and II problems (2), where the loss of constraint is due to mode mixity. Finally small 
scale yielding fields associated with a crack lying on the interface of a rigid substrate and 
an elastic-plastic material have been examined under combinations of mode I and II 
loading which may lead to matrix failure (3). In each case slip line fields have been 
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constructed from finite element analyses based on boundary layer formulations. These 
have been used to identify families of fields which are hydrostatically different but 
deviatorically similar for weak and moderately hardening materials. These form the 
basis of a two parameter, constraint characterisation of a wide family of crack tip fields 
( 4,5,6) which is now shown to include both mode I and rnixed mode fields, as well as 
interface crack problems in which matrix failure occurs. In each case, the level of 
constraint can be quantified by a distance independent hydrostatic term, Q (5,6). The loss 
of constraint leads to enhanced levels of toughness by cleavage or void growth 
mechanisms (7), which can be quantified by a constraint dependent fracture toughness in 
the form of a J -Q failure locus (8, 9, 1 0). This allows unconstrained mode I fracture 
toughness data to be applied to mixed mode problems in both single and two phase 
materials. 

2. Numerical method 

2.1 Boundary layer Formulations 

Fracture processes occur in a physically small region close to the crack tip where plastic 
deformation occurs. In order to investigate the nature of elastic-plastic crack tip fields it 
is desirable to avoid modelling a complete engineering structure. This problem is 
resolved by the use of boundary layer formulations (11) in which displacements as socia te 
with the asymptotic elastic field are applied to an arbitrary region surrounding the crack 
tip. For an elastic crack in a homogeneous isotropic solid under tension or shear the 
relevant analysis has been given by Williams (12) using cylindrical co-ordinates (r,e) 
centred at the crack tip. 

1 1 

o u= Au(e)r-2 + Bu(e) + Cu(8)r2+ ... (l.) 

The displacements corresponding to the frrst terms of this series can be applied as 
remote boundary conditions for an elastic-plastic analysis under the restriction that 
plasticity is restricted to a small fraction of the outer boundary. For incompressible 
elastic deformation ( v = 0.5), the displacements ( u, v ) associated with a mode I stress 
intensity factor K 1 , and a mode II stress intensity factor K 1 , can be written in the form: 

U (re) 1 r cos--eos- -sin-+3sin-
r ' 2 2 2 2 ll e 38l l e 38ll = 4G 2 K 1 e 3e + Kn e 38 L,(r,e)} {f; -3sin

2
+ sin

2 
- 3cos2 + 3cos2 

(2.) 

A modification of this technique allows a more refmed representation of the outer elastic 
field by applying displacements which correspond to the first two terms of the Williams 
expansion, K and T. Modified boundary layer formulations allowed the effect of the non
singular T stress on crack tip plasticity to be demonstrated by Larsson and Carlsson (13). 
Detailed investigations (1, 4, , 14) ha ve shown that compressive levels of the T stress 
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cause a loss of crack tip constraint, while parallel experimental work has demonstrated 
that this leads to enhanced levels of toughness (8, 9, 1 0). 

Crack tip fields have been examined by the finite element analysis of boundary layer 
formulations using meshes similar to that shown in Figure (1). The mesh shown has 
been used to examine mode I deformation of a crack in a homogeneous material, in which 
symmetry allows the problem to be represented by a symmetric half. The mesh 
comprised 570 second order quadrilateral elements implemented in ABAQUS. The 
crack tip was represented by twelve collapsed quadrilaterals such that the crack tip 
comprised 25 coincident but independent nodes. The mesh was highly focused such that 
the size of the crack tip elements were approximately one millionth of the radius of the 
outer boundary. Mode I problems can be represented by a symmetric half, but the loss of 
symmetry associated with mixed mode loading requires the complete angular span of 
elements surround the crack tip to be modelled. 

The structure of elastic interfacial crack fields has been reviewed by Rice (15), 
Comminou (16), Hutchinson and Suo (17) and Shih (18). In general, analyses based on 
traction free crack flanks (19) lead to oscillatory displacement fields which are 
fundamentally different to those of cracks in homogeneous materials. However for the 
particular case of incompressible elastic deformation (v = 0.5) and a rigid substrate, the 
dominant term in the asymptotic solutions of interface cracks and cracks in homogeneous 
materials are identical (20). Both exhibit identical stress singularities with a strength r-
112, and the displacements (u,v) of both types of problem can be written identically in 
terms of elastic stress intensity factors K 1 and K u which ha ve conventional 
interpretations as given by equations (2, 3). Symmetry conditions are required directly 
ahead of the mode I crack in a homogeneous material, while the representation of a rigid 
interface requires that all the displacements are fully restrained as given by equations 3 
and4. 

Ur = Uf) = 0 , 8 = 0 

a re = a ee = o 8= ±re 
(3.) 

(4.) 

Calculations on homogeneous materials and interfacial cracks were performed for a range 
of plane strain mixed mode fields with elastic mixity values shown in Table I. Although 
a complete range of mixities for the interface crack problem have been examined (3), 
only those with negative mode II components are discussed here, as these lead to fields in 
which the maximum hoop stress is located in the matrix, and leads to the possibility of 
matrix rather interface failure. 
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Table l. Elastic mode mixity for a range of mixed mode problems. 

Me! 

KI 1.00 
K1 =±2Kn ±0.71 
KI=±Kn ±0.50 

K1 =±0.5Kn ±0.30 
±Kn 0.00 

2.2 Material response 

In uniaxial tension the material which has been modelled has an isotropic elastic response 
at stresses less than the yield stress. Reference will be made to calculations by Hancock 
and co-workers (1, 2) in which Poisson 's ratio was 0.3, allowing elastic dilation. This 
was shown not to affect the stress fields within the plastic zones. However in interface 
crack problems elastic compressibility strongly affects the fields and elastic 
incompressibility was ensured in the calculations of Li (3, 21) for both interface and 
homogeneous crack problems. 

Plastic flow was analysed using incremental plasticity within the framework of small 
strain deformation, using the Prandtl-Reuss flow rules. The uniaxial yield stress, so, was 

related to the yield stress in shear, k, through the Mises yield criterion 0 0 = .J3k. 

Calculations were initially performed with a non-hardening response, and then with strain 
hardening. Details of the strain hardening calculations are given elsewhere (2, 3, 21). 
Data were written to a file which was subsequently interrogated with a post-processing 
programme. The stress field at the crack tip was determined by extrapolating the stress to 
the tip (r = O) along radial lines such that the tip was approached asymptotically from 
different angles. 

2.3 Slip Line Fields 

Plane strain deformation of perfectly plastic solids can be usefully represented by slip line 
fields (7, 22). The slip lines are directions of maximum shear stress, on which the shear 
stress is k. The stresses are then completely defined from the orientation of the slip lines 
and the mean stress, such that the in-plane principal stresses a 1 , a 2 and the out of plane 
stress a 3 are defined by the mean stress O m and the yield stress in shear, k: 

(5-1.) 

(5-2.) 
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03 =O m- k (5-3.) 

The equilibrium equations referred to the curve-linear slip lines as axes lead to the 
Hencky equations (7, 22), which express stress gradients in terms of the rotation of the 
slip lines. The structure of the plastic sectors of the plane strain crack tip field can be 
identified from the hydrostatic component. Rice (23) has shown that for incompressible 
deformation, combination of the yield criterion, the plane strain condition and the 
necessity for the crack tip stresses to be bounded leads to two possible forros for the 
plastic sectors. The frrst condition corresponds to sectors in which the shear stress in 
cylindrical co-ordinates does not change with angle. As the slip lines are trajectories of 
constant shear stress, this corresponds to centred fans, in which the hydrostatic stress 
varies linearly with angle. The second condition corresponds to regions in which the 
mean stress is independent of the angular co-ordinate around the tip, and are thus 
constant stress sectors in which the slip lines are straight. 

These features in association with the yield criterion enable the angular span of the elastic 
and plastic sectors to be identified and assembled. The elastic sector is identified by the 
angular range over which the yield criterion is not satisfied. The stress field within the 
elastic sector can be expressed analytically by reference to the solution for a semi-infmite 
elastic wedge, loaded by constant surface traction (24, 25). Although equilibrium 
generally allows discontinuities in a rr along radial lines, proximity of an elastic sector 
and a centred fan requires continuity of all the stress components. The boundary 
conditions of the elastic sector are identified by noting the continuity of aee and a,e 
across the elastic plastic boundary. In all the cases discussed in the present work, elastic 
sectors lie between traction free crack flanks and a centred fan. On the crack flanks, 
traction free conditions are satisfied, while on the radial elastic plastic boundary a,8 

equals the yield stress in shear, k. Compatibility conditions are satisfied across the 
boundary between the centred fan and the elastic sector as in both as cee = crr =0 for 
incompressible deformation in both sectors. 

3. Analytical methods 

Without loss of generality the crack tip stress fields can be taken to comprise plastic and 
elastic sectors. 

3.1 Stress distribution in elastic sectors The elastic sector is identified by the angular 
range over which the yield criterion is not satisfied. In all the cases discussed in the 
present work, elastic sectors lie between traction free crack flanks and centred fans. The 
stress field within these elastic sectors on the traction free crack flank (a ,8 = aee =O) can 
be expressed analytically by reference to the solution for a semi-infinite elastic wedge, 
loaded by constant surface tractions (24) as shown schematically in Figure 2: 

aee = 2A(cos28 -1)- 2B(sin28 + 2rc- 28) 
a,e = -2A sin 28- 2B(cos28 -1) 

(6-1.) 

(6-2.) 
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a,,= -2A(cos28 + 1)- 2B(2n- 28- sin28) (6-3.) 

where 

H( cos2cp -1) +K( sin 2cp- 2cp) 
A = -'---:----------,------'-

4( 1 - cos 2cp - cp sin 2cp) 
(7-1.) 

H sin 2cp + K( cos 2cp - 1) 
B = ----,,..------'----,..:... 

4( 1 - cos 2cp - cp sin 2cp) 
(7-2.) 

here H and K are the hoop and shear stresses respectively on the boundary between the 
elastic sector and a centred fan. K is equal to the yield stress in pure shear, k. Li and 
Hancock (1996a) have shown that complete continuity of stresses is required between a 
centred fan and an elastic sector. Thus the value of H can be obtained by equating the 
hoop and radial stresses on the boundary from equations (3) and (5): 

2cpk cos 2cp - k sin 2cp H = ___;_ __ _;._ ___ .;_ 
1- cos2cp 

(8.) 

Thus the stress distribution in these elastic sectors is only a function of the critical elastic 
wedge angle, <p. This can also be applied to any elastic sector adjacent to a centred fan. 
Further details are given by Li and Hancock ( 1996b ). 

3.2 Stress distribution in plastic sectors 

The stresses within the plastic sectors can be conveniently represented by slip line fields. 
In the Prandtl (HRR) field, the yield criterion is satisfied at all angles and the crack tip 
stress distribution can be solved by starting the boundary condition on the traction free 
flank (8-.lrt, a re= aee =O) into the constant stress sector ahead of the crack. However, for 
fields in which plasticity does not surround the tip, a slip line can only start or termínate 
from the boundary of elastic and plastic sectors. The stresses in the plastic sectors can, 
therefore, be expressed in terms of the hoop and shear stresses (H and K) on the elastic
plastic boundary. For the particular case of an elastic sector adjoining a centred fan, the 
val u e of K ís equal to the yield stress in pure shear k.. The analytical solution within a 
centred fan can thus be written as: 

aee = 2k(n- q>- 8)- H 

a,,= aee 
Ore= k 

Within a constant stress sector, 

(9-1.) 

(9-2.) 
(9-3.) 



7 

ANALES DE MECANICA DE LA FRACTURA Vol. 14 (1997) 

kH 
aee =k cos28 + H -2+ 2k(JT: -q>) (10-1.) 

3JT: 
a,,= k( -cos28- 2cp + 2)- H (10-2.) 

a,e =k sin28 (10-3.) 

3.3 Assembly of the sectors 

The features of plastic and elastic sectors in association with the yield criterion enable the 
angular span of the elastic and plastic sectors to be identified and assembled. Although 
equilibrium generally allows discontinuity in radial stress, proximity of an elastic sector 
and a centred fan can be shown to require continuity of all the stress components. The 
boundary conditions of the elastic sector are identified by noting the continuity of all 
stresses across the elastic plastic boundary. Compatibility conditions are satisfied across 
the boundary as both hoop and radial strains are zero for incompressible deformation in 
the two types of sector. 

4. Results 

4.1 Mode I Fields 

The mode I slip line fields constructed by Du and Hancock (1) are shown in Figure (3). 
As T is proportional to the applied load, the T = O field is significant in the sense that it is 
the field which applies at very small load levels, and is thus the small scale yielding field. 
In the small scale yielding (T = 0), plasticity at the crack tip extends to an angle close to 
1300, and the field comprises of a constant stress sector directly ahead of the crack, a 
centred fan and an elastic sector extending to the crack flanks. The effect of a 
compressive T stress is to decrease the angular span of the centred fan and increase the 
span of the elastic wedge on the crack flanks. In contrast for tensile T stresses, plasticity 
extends to the crack flank and the elastic wedge at the crack tip disappears. 

The essential result is that in the sectors ahead of the crack the crack tip fields are 
kinematically similar and differ only hydrostatically. The effect of compressive levels of 
T is to decrease the hydrostatic stress, while tensile values of T cause the fully 
constrained Prandtl field to be developed. Restricting interest to the diamond ahead of 
the crack the fields can be expressed in terms of the maximum hydrostatic stress directly 
in the fully constrained Prandtl fieldam = k(n + 1). 

Using the notation of O'Dowd and Shih (5, 6) the corresponding hydrostatic stress in the 
unconstrained fields is denoted, a m + Q. For a given value of Q fue elastic and plastic 
sectors Li (21) has assembled the sectors around the crack tip analytically as shown in 
Figures 4. In these Figures the fmite element solutions ( v = 0.49 ) are given as data 
points, while the analytic solutions are given by the lines. Q determines the stress state in 
the constant stress sector, which has a span of ± rr/4. The span of the centred fan is fixed 
by the requirement of continuity traction between the fan and the elastic sector. There is 
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complete agreement between the analytic and numerical solutions for the full angular 
span. Further details are given by Li (21 ). This now gives a complete solution of the near 
fields, it has not proved possible to couple the near and far fields analytically, although 
this can be achieved computationally. 

4.2 Mixed Mode Fields 

The slip line fields for a range of mixed mode problems constructed by Hancock, Nekkal 
and Karstensen (2) are shown in Figure (5) and may be compared with those of Shih 
(26).The fundamental difference is that the fields shown in Figure (5) do not exhibit 
stress discontinuities, and feature an elastic sector on one crack flank. The mode I field is 
the in complete Prandtl field (1 ). With increasing levels of mixity the constant stress 
diamond ahead of the crack rotates. The angle of maximum principal stress and also the 
maximum hydrostatic stress is the direction from the tip radially out through the constant 
stress diamond. This angle is of particular interest in terms of stress controlled brittle 
fracture. It is frequently argued that such failure occurs at the orientation at which the 
propagating crack extends in mode I. In the case of non-hardening plasticity the stress at 
this angle may be matched with the stress in an unconstrained mode I field. For non
hardening plasticity, the fields within ±7t/4 of the direction of maximum hoop stress can 
only differ by a hydrostatic term. However Hancock, Nekkal and Karstensen (2) have 
also shown that for moderately hardening materials the fields also differ hydrostatically 
but are deviatorically similar. On this basis the constraint of mode I fields parameterised 
by Q or T can be correlated with the constraint of mixed mode fields parameterised by 
elastic mixity, as shown in Figure (6). 

4.3 Interface Cracks 

The problem of an interfacial crack between a perfectly plastic material and a rigid 
substrate has been discussed by Zywicz and Parks (25) and Fang and Bassani (20) for the 
complete range of mode mixities. Positive shear stresses lead to the maximum hoop 
stress being located across the interface. Here we only focus on loading with a negative 
mode ll component such that the maximum hoop stress is located in the matrix. For 
strong interfaces these modes may thus lead to matrix rather than interface failure. For 
the non-hardening material response this plane is orientated diagonally through the 
constant stress diamond, as shown in Figure (7). On this plane, whose orientation 
depends on the mixity, the hoop stress, a00 is shown in Figure (8) for a strain hardening 
material. The Figure also shows the corresponding deviatoric stress a 00 • As in both the 
homogeneous mode I and mixed mode problems the stress fields are hydrostatically 
different but deviatorically similar. As such they can be parameterised by J and Q, where 
Q is defined using the small scale mode I field for a homogeneous material as the 
reference ata distance r = 211 a o from the crack tip. 
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5. Conclusions 

Plane strain slip line fields for a range of elastic plastic contained yielding problem have 
been constructed from strain boundary layer formulations. Cracks in homogeneous 
materials subject to mode 1 loading show a loss in constraint which depends on the T 
stress. This feature is retained by weak and moderately strain hardening materials. The 
loss in constraint can be quantified by Q, while the relevant fracture toughness depends 
on constraint through a J-Q failure locus. 

Mixed mode loading also result in a loss in crack tip constraint. On the plane of 
maximum hoop stress, the mode 1 and mixed mode fields are hydrostatically different but 
deviatorically similar for both non hardening and moderately hardening materials. This 
has allowed relations to be established between Q and mode mixity. 

Finally, slip line fields have been constructed for cracks on the interface between a rigid 
substrate and a perfectly plastic material, subject to mixed mode loading which may lead 
to matrix failure. On the plane of maximum hoop stress the fields can be interpreted as 
belonging to a single family which differ hydrostatically but deviatorically similar, for 
both non hardening and moderate hardening rates. 

For all these problems in angular sectors around the plane of maximum hoop stress the 
strength of the dominant singularity is similar to the mode 1 fiel d. Constraint loss occurs 
by a distance independent second order term, Q, which is largely hydrostatic in nature. 
For mixed mode problems ata given hardening rate, Q has been correlated with mixity. 
The fracture resistance of these configurations can thus be unified by a single constraint 
based fracture toughness locus. 
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Figure l. The Boundary layer formulation mesh. 
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Figure 2. Elastic wedge on a crack flank. 
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T q. ...0.711 

Figure 3. The effect of Ton mode 1 crack tip fields, after Du and Hancock. 
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Figure 4. Stress distribution around the crack tip, after Li ( 21. ). 
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Kr = 4.0 
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Figure 5. Slip line fields for mixed mode loading, after Hancock, Nekkal and Karstensen. 
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Figure 6. The relationship between Q and the elastic mixity for cracks in a homogeneous 
strain hardening material (2), and for interfacial cracks (3) with a similar material on a 
rigid substrate. 
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Figure 7. Slip line fields for interfacial cracks after Li and Hancock (3). 
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Figure 8. The maximum hoop stress and the corresponding deviatoric stress for interfacial 
cracks under mixed mode loading with a strain hardening matrix. 




