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Resumen. Se presenta un modelo de fisura cohesiva perteneciente a la familia de los modelos de fisura
discreta aplicable al estudio de la fisuración en tracción-corte. En este modelo la discontinuidad que
representa la fisura se modela en el contexto de la malla de elementos finitos mediante elementos junta.
El comportamiento de la fisura se simula mediante la ley constitutiva de la junta, la cual representa la
relación tensión-apertura en la fisura. Esta ley está definida por una ley de ablandamiento y una regla de
flujo. Este modelo se ha empleado aquí para estudiar el ensayo de flexión a tres puntos con entalla
excéntrica empleado para estudiar fisuración en tracción-corte, cuya ventaja principal es la simplicidad
geométrica. De este estudio se puede analizar si la fisuración de materiales cuasifrágiles en este tipo de
ensayo es en modo 1 (tracción pura) o en modo mixto (tracción+ corte).

Abstract. A cohesive crack model for non-planar tension-shear fracture is presented. The model is implemented within the discrete crack approach, where the discontinuity is modeled in the context of the
finite element method through interface elements. The fracture behaviour is simulated through the
constitutive law of the interface, which represents the cohesive crack stress-separation relation. A fracture
criterion, together with a flow rule and a softening law, defines the constitutive law. The model is applied
in the study of the three-point bend test with eccentric notch, which is a simple geometry for studying
non-planar fracture. From this study, the existence of mixed mode (tension + shear) fracture in such test
behavior can be analyzed.

l.

INTRODUCTION

The objective of this study is the analysis of cracking
under mixed mode conditions of quasi-brittle materials,
and the presentation is divided in two parts: the development of a non-linear cohesive-crack law; and the
modeling of experiments on two different quasi-brittle
materials, namely high and normal strength concrete.
The present model was proposed in the thesis of
García-Álvarez [ 1], where a complete development is
shown. The cohesive crack model is an extension of
the model proposed by Caro! and Prat [2] and similar,
in sorne aspects, to the model proposed by López [3].
The model has been implemented in a non-linear finite
element code following the discrete crack approach,
which is discussed in detail elsewhere [4, 5].
The use of interface (or joint) elements and mesh
generators [6] overcome the main drawbacks of the
discrete crack approach, which are the need to change
mesh connectivities continuously and the restriction of
the crack path to inter-element boundaries.
The implementation adopted here uses interface
elements for modeling cracks in the continuum [7], and
an automatic mesh generator for partitioning the
dominion defined by the continuum and the cracks.

Classical structural analysis is based on using the load
or displacement directly at selected nodes as independent (or input) variables. This is inadequate for the solution of problems with snap-back, such as many cases
of fracture. To overcome this, and in order to obtain
stable solutions beyond the peak load, an indirect
displacement control method, such as the one used
he re, is needed [ 1, 4 ].
The objective of the experimental work referred to in
this work is to evaluate non-planar fracture. Nonplanar fracture in concrete has often been considered
as mixed-mode failure [8, 9]. However, severa!
researchers have showed that in most cases, especially
when the crack faces are not confined, the mode II
component is negligible or non-existent [10]. One of
the geometries that have been studied is the centerloaded beam with an eccentric notch [ 10], al so called
the three-point bend test (3PB test). In this work, cases
with two different eccentricities, along with zero
eccentricity, have been studied. The experimental
results is only summarized here since the complete
study has been presented elsewhere [ 1, 11, 12].
The test data were analyzed in a posteriori analysis
with the cohesive crack model, in order to study the
mode II component.

ANALES DE MECÁNICA DE LA FRACTURA

362

(2002)

Vol.19

but in practice cannot be too large in order to avoid
oscillations in the stress profile [4, 7].
2.

COHESIVE CRACK MODEL FOR MIXED
MODE FRACTURE

The toughening in the fracture process zone (FPZ),
which occurs in front of a progressing crack, is modeled as closing stresses in non-singular cohesive crack
models.

Q

These generally have the following characteristics [ 1]:
l. The behavior of the intact material is linear elastic
(i.e., creep and other nonlinear phenomena are not
consi dered).
2. The crack propagation criterion (or the fracture
criterion) can be expressed in terms of stresses and
fracture parameters, as:

F(S., p) =

O

(1)

where S is the stress vector and 12. is a vector consisting-of material parameters such as tensile
strength and fracture energy.
3. In a monotonically opening crack, S. is the
cohesive stress field in the FPZ, and a function of
the crack opening vector (Q?):

S. = [_(m)

(2)

Fig. l. Fracture criterion ofthe model
The opening ( C011 ) and the sliding ( ro1) components of
the crack separation can be expressed as the sums of
the elastic displacement and the real crack opening as:

wherefis the softening function.

el

As mentioned above, a cohesive crack model for nonplanar tension-shear (rnixed mode 1+11) fracture is implemented here within the discrete crack approach,
where the discontinuity is modeled in the context of
the finite element method through interface elements.
The fracture behavior is simulated through the
cohesive crack stress-separation relation, and the
fracture criterion F, which plays the same role as the
yield or loading surface in plasticity. F is expressed
as:
2

F(S.. [!_) = r

+ tan

deo n

1/>

(a - X ) ( 2 a - a + X )
(3)

where a and r are the normal and shear stresses, tantf>
represents the angle of friction between the crack
faces, and X and a are functions of the dissipated
energy. Fig. 1 represents Eqn. 3 in a graphical form.
In the case ofMode 1, X is the cohesive (tensile) stress.
F or the case of rnixed mode fracture, an explicit
softening function (as in Eqn. 2) cannot be derived
from Eqn. 3. Consequently, implicit stress-separation
relations of the crack are developed in terms of the
mode 1 and mode II components of the energy
dissipation for defining the softening function of the
model in this case of fracture.
For the uncracked material, the constitutive law of the
interface element is linear elastic with the stiffness
coefficients D 11 (nomml to the interface element axis)
and D 1 (along the direction of the interface element
axis). These coefficients must theoretically be infinite

el

= dro 1

; dro 1

(4)
where the components of the elastic displacement are:
dr

da
el
deo n =

=

(5)

Dn
Dt
and the real crack opening is defined by the flow rule
(using the terrninology of plasticity) as:

cr

2

cr

= deo n + deo n

dro 11

()Q
=dA. -

()Q
=dA. - ;

(6)

ar

aa

where dA. is a multiplier (similar to that in plasticity
theory), and Q (Fig. 1) is equal to F in tension, and in
compression is defined as:
()Q

2 tan

di/

2
1/>

(a+x-a>

aa

f

()Q
= 2 r

ar
(7)

with

f di/

=

!al

( 1- adi/

J

a +X

(8)

ao + Xo

Therefore, the crack opening (or dilatancy) is zero
when lal is equal to the parameter adu defined in Fig. 1
or when a + X = O. In the uncracked material, X = Xo
(tensile strength) anda= a0 (a parameter related to the
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shear strength). The evolutions of X and a depend on
the energy dissipation ( G) during crack propagation,
which can be decomposed into the energies dissipated
in mode 1 and mode 11. G is expressed in a differential
formas:

1

JI

= dG + dG

dG

(2002)
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f~

1

dG
= ---'--- +
1

JI

f~

dG
(15)

GF

(9)

In this formulation, the differential of the mode 1 component of G is defined as:

1

cr
=a dm 11

dG

a ;?::

if

Gf!

o

1

=o

if

a<O

JI

dG

JI

{

=

1

r

= r dro

1 -

1

a

1

cr
t

ifa2:=0

tancp

)

cr

drot

-

1

a

cr

1

dwn

ifa <O

a= Xo
(11)

In the above equation, it can be seen that the Gil is the
difference between the total energy dissipated in shear
Clr dm,c'j), and the sum of the energy dissipated due to
friction (la tanf/> dm,c' 1) and that dissipated dueto dilatancy (la dm/'1). Consequently, the treatment of dilatancy is similar to that of friction in the literature [ 13].
dGII must be greater or equal to O, and if in the analysis
dGII becomes negative, dd1=0 is imposed. This means
that mode 11 crack propagation is not possible when
dG11 is negative.
The general form of the evolutions of the parameters a
and as proposed previously [1 ], are:

x.

a=a
where, for

O

11 =

'f'

x=xo 'Px

·

a '

following

an

~

Sn

analysis,

( 13)

In

the

the

aX

= a a = O were chosen. Therefore,

values

The parameter a0 , whose physical meaning is not obvious, must fulfil the condition [1, 12]:

Xo

where

(18)

2
tan
1

When a

0

=

maximum

X

1

o·

= -14.167

a 111

= -10

x0

') ,¡,

tan- '1'

stress

a 111

x0

f/>
•

111

(a"')

if

pure compression the
is

reached

for

tanf/>

= 0.7,

and

if tanf/> = 0.75. So if Eqn. 18 is

strictly satisfied, the resulting relation between the
compressive and tensile strengths is within the usual
range for concrete.

of

3.
a = ao

(17)

which coincides with the exponential model proposed
by García-Álvarez et al. [7]

(12)

a and x. respectively:
e

111

It is interesting to mention that the response when the
crack opens monotonically in mode 1, with an interface
element having very high (i.e., theoretically infinite)
stiffness, is [ 1, 12]:

and the mode 11 component as:

dG

in which G/ and G/ are the fracture energies
modes 1 and 11, respectively.
1

(10)
dG

(16)

(14)

VERIFICATION OF THE MODEL WITH
TESTS OF NOTCHED CONCRETE BEAM

A simple geometry for studying non-planar fracture in
concrete is the eccentrically notched beam under threepoint bending (3PB). This type of specimen has been
used previously by other researchers to study mixedmode fracture [ 10]. In the present work, this
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configuration is used in tests of normal strength
concrete with the intention of examining whether the
fracture occurs in mode I or mixed-mode. In addition,
comparisons are made between results for the normal
strength concrete and a more brittle high strength concrete in order to examine the ability of the model to reflect the higher brittleness.
Experimental details

d

t.___~-.5------tJ
s

d

1

3.125 d

Fig. 2. Three-point bending specimen
In the case of NSC the beams were tested at the age of
730 days, when the compressive strength was 27.4
MPa, while in the case of HSC each series was tested
at the age of 31 days when the strength was 60.6 MPa.
All the specimens were stored in a fog room until
testing.
All the tests were conducted in a 1 MN INSTRON
servohydraulic machine under closed-loop crack
mouth displacement (CMD ). Constant CMD rates were
imposed such that the peak loads occurred at about 3
minutes. The load-CMD curves obtained are shown
later with the fits ofthe cohesive crack model.
The crack paths observed on the surfaces of the specimens were recorded and crack bands for each eccentricity were obtained from them. Figs. 3 a and b show

=320 mm.
=160 mm.
Crack bands of the beams wlth d =80 mm.

~

Crack bands of the beams wlth d

__.._

Crack bands the of beams wlth d

(a)

Three batches of NSC (denoted A, B and C) and four
of HSC were fabricated, and in each of them, nine
bearns were cast with the geometry shown in Fig. 2,
three in each size, with d = 80, 160 and 320 mm, and
thickness (b) of 50 mm.

JP

(2002)

the bands for e ::t. O, from which it can be concluded
that the crack path does not depend significantly on the
specimen size (i.e., they are geometrically similar).
Note that the bands for different sizes have been norma1ized with respect to the beam depth for the
comparison. This agrees with the results of other nonplanar fracture tests in the literature [9].

The experimental study was made on high-strength
concrete (HSC) and normal-strength concrete (NSC).
The NSC had the proportions of cement:sand:gravel:
water as 1:2.5:3.75:0.65 with CEM I 42.5R cement,
limestone grave! (5-12 mm) and si1iceous sand (0-5
mm). The HSC had the proportions of cement:sand:
grave1:microsilica:water as 1:1.25:1.8:0.2:0.3 with CEM I 52.5R cement, densified silica fume, crushed
basalt grave! (5-12 mm), siliceous sand (0-5 mm) anda
melamine-based superplasticizer.

Notches of length 1 = 0.25d for NSC and 1 = 0.275d for
HSC were cut with a diamond disc saw, with the eccentricities (e) of 0.625d (0.25s) for series A and
0.3125d (0.125s) for series B, respectively, and at midspan (e=O) for series C. In the HSC, the notches were
cut only at mid-span (e=O).
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(b)

Fig. 3. Crack bands for (a) e= 0.25s and (b) e= 0.125s

Numerical details and implementation
In order to apply the model formulated in the previous
section to the 3PB specimen, the uncracked part is
represented with triangular and quadrilateral finite
elements, and the crack path by interface elements
(Fig. 4). In non-planar cases, the average crack paths
obtained from the experimental bands (Fig. 3) were
used while in mode 1 the crack path is taken to be
straight (i.e., along the axis ofsymmetry ofbeam). The
computations were made with quadratic analysis, using
the Gauss 3x3 integration rule in quadrilateral
elements and the 7-point Gauss rule in triangular
elements, and the 3-point Newton-Cotes rule in the
interfaces. The choice of the integration rule for the
interface element is important since the Gauss rules
lead to results with spurious jumps in the strain and
stress fields [7, 14]. Here, the solution first proposed in
Gens et al. [14] is followed.
-1\

Fig. 4. Mesh used for e= 0.125s
In order to obtain stable solutions beyond the peak
load. a displacement control method is used for increasing the CMD monotonically in the analysis, as
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described in a previous work [1]. The calculations take
into account the weight of the concrete. In the case of
mode I, the exponential model was used.
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in 3PB tests are given elsewhere

80

Numerical results
In the analyses of NSC, values of E= 33.8 GPa (ob-

tained from experimental curves), Poisson ratio (v) =
0.2 and concrete density (p) = 2350 kg/m3 were used.
The elastic stiffness coefficients of the interfaces Dn
and D 1 were taken as 1os N/m. The parameter a0 was
chosen to be 9 MPa since this gives a ratio of 1O between the compressive and tensile strengths. In order
to consider a reasonable relation between G/1 and G/,
a parametric study of its influence in 3PB specimen
was performed [1] for the case of e= 0.25s. It was seen
that the results were insensible within the range of
1#G/1JG/#100, and consequently the ratio was setas 1
for convenience. The other two parameters of the
model (G/, Xo) were obtained by back-fitting the experimentalload-CMD curves. The data for each eccentricity and each size were analyzed jointly in order to
reduce the uncertainty of the parameter set.
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Numerlcal results
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Fig. 6. Evolutions ofthe total and mode 1 energy dissipation for e = 0.25s
In the analysis of HSC, the values of E = 36.8 GPa
(obtained from experimental curves), Poisson ratio (v)
= 0.2 and concrete density (p) = 2500 kg/m3 were
used. The elastic stiffness coefficient of the interfaces
D 11 was taken as 1os N/m. The experimental data for d
= 320 mm and its optimum fit is shown in Fig. 7. The
parameter set that gives the most satisfactory
simulations of the load-CMD responses in all the cases
is G/= 120 J/ml and Xo = 6 MPa.
One interesting result that can be obtained from the
parameters is the comparison of the brittleness of HSC
and NSC. One measure of the brittleness is the characteristic length defined by Hillerborg [ 15]

8000

.S!

4000

E GF

o

100

200

1
- -eh 2

300

Xo

CMD(¡.tm)

Fig. 5. Experimental data with the analytical fits for e
= 0.25s
The experimental data for eccentricity equal to 0.25 s
and its optimum fit is shown in Fig. 5. The parameter
set that gives satisfactory simulations of the load-CMD
responses in all the cases is G/= 80 J/ml and Xo = 3.5
MPa.

16000

Experimental results

12000

-

Numerical results

g

.
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As indicated by the cited parametric study of the influence of G/! G/, the mode 11 component of fracture is
not significant in the cases analyzed here, as further
confirmed from the comparison of the evolution of the
total energy dissipation, G, and the mode I energy
dissipation, d. In Fig. 6 this comparison is given for e
= 0.25s at three points along the crack path: point 1, at
the notch tip; point 2, at one-fourth of the crack length
from the notch tip; and point 3, at the middle of the
crack path. In all the cases, the evolutions of G and d
practically coincide implying that Gn is negligible.
This fact means that the non-planar fracture studied
here is basically a case of mode I failure and not of
rnixed-mode. More details about the comparison of the

(19)
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Fig. 7. Experimental data with the analytical fit for d =
320mm with e= O
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In Table 1, the values of lch obtained from the parameters of the model are shown for NSC and HSC. From
these lclr values, we can deduce that HSC is more brittle
than NSC, which coincides with the results shown in
the literature [15].
Table l. Values of lclr

NSC
HSC

4.

GF (J/m-) Xo (MPa)
80
3.5
120
6.0

E (GPa)
33.8
36.8

(m)
0.22
0.12

lclr
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[5] Rots, J.G., and Blaauwendrad, J., "Crack models
for concrete: Discrete or smeared? Fixed,
multidirectional or rotating?", Heron, 34 (1989).
[6] Carpinteri, A., Valente, S., and Bocea, P., "Mixed
mode cohesive crack propagation", Advances in
fracture research (Eds. K. Salama, K. RaviChandar, D. M. R. Taplin and P. Rama Rao), Vol.
3, pp. 2243-2257 (1989).
[7] García-Álvarez, V.O., Carol, 1., and Gettu, R.,
"Numerical simulation of fracture in concrete
using joint elements", Anales de Mecánica de
Fractura, 11, pp. 75-80 (1994).

In this paper a cohesive model for mixed mode is presented. For mode l fracture, this model coincides with
exponential model.

[8] Swartz, S.E., Lu, L.W., Tang, L.D., and Refai,
T.M.E., "Mode 11 fracture-paramater estimates for
concrete from beam specimens", Expt. Mech., 28,
pp. 146-153 (1988).

Simulations of tests of different sizes of geometrically
similar three-point bend concrete beams with center
and eccentric notches. As expected, the crack paths in
the cases of eccentric notches are non-planar and are
observed to be independent ofthe specimen size.

[9] Bocea, P., Carpinteri, A., and Valente, S., "Mixed
mode fracture of concrete", Int. J. Solids Structttres, 27, pp. 1139-1153 (1991).

The cohesive crack analysis show that the mode 11
component of the energy dissipation is negligible for
this type of test, and that the failure is primarily in
mode l.
From a comparison of Hillerborg's characteristic
length of normal and high strength concretes it can be
concluded that the model is able to reflect the typical
brittleness ofthe latter, compared to that ofthe former.
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