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Abstract. The stress intensity factor, K, can be numerically calculated using direct methods, in which the 
displacements obtained by the finite element method or boundary element method are replaced on analytical 
expressions containing K on their formulation. Alternatively, K can be determined using indirect methods based on 
the energy release rate, G. Direct methods are relatively easy to implement but energetic ones are usually more 
accurate. The objective of this paper is to define and test a different version of the direct methods that considers 
several terms of the analytical expression of displacements. The finite element method was used to obtain the nodal 
displacements needed to apply the method. This approach intends to be easy to implement and accurate. The 
influence ofthe number ofterms and ofthe location ofpoints is studied. 

Resumo. O factor de intensidade de tensao, K, pode ser calculado numericamente utilizando métodos directos, em 
que os deslocamentos obtidos pelo método dos elementos finitos ou pelo método dos elementos fronteira sao 
substituídos em expressi'ies analíticas que contem K na sua formula9ao. Alternativamente K pode ser determinado 
usando métodos energéticos baseados na taxa de liberta.¡:ao de energía, G. Os métodos directos sao mais fáceis de 
implementar, porém os métodos energéticos sao em geral mais exactos. O objectivo deste artigo é desenvolver e 
testar urna nova versao dos métodos directos, que considera vários termos da expressao analítica de deslocamentos. 
Utilizou-se o método dos elementos finitos para obter os deslocamentos nos vários pontos necessários para aplicar 
esta metodología. Esta abordagem pretende ser fácil de implementar e suficientemente exacta. É feíto um estudo da 
influencia do número de termos e da localiza.¡:ao óptima dos pontos. 

l. INTRODUCTION 

The stress intensity factor, K, can be numerically 
calculated using direct methods, in which the 
displacements obtained by the finite element method 
or boundary element method are replaced on 
analytical expressions containing K on their 
formulation. Alternatively, K can be determined using 
indirect methods based on the energy release rate, G 
(J integral Method [1] , crack closurc integral [2, 3], 
EDI method [4], etc.) . Direct methods are relatively 
easy to implemcnt but energetic ones are usually 
more accurate. Present authors used an energetic 
method based on the work of externa! forces to 
calculate the stress intensity factor [5, 6]. This 
method seems to be very accurate, however several 
finite element method (FEM) analysis are needed to 
obtain a value of K, which is expensive specially 
when a K distribution is needed along the crack front 
for severa! crack geometries. 

Several direct methods have been developed. The 
stress intensity factor can be calculated considering 
only the first term of the analytical expression of 
displacements proposed by Williams [7, 8]. The 
location of the point under analysis determines the 
accuracy. Points near the crack tip are affected by 
inaccuracy of the FEM, due to difficulties in the 

simulation of stress singularity. The crack front 
elements are particularly affected even when singular 
elements are considered. Points located on the 
fracture surface and v displacements give the best 
results for mode I loading [9] . On the other hand, 
points far from crack tip are affected by truncation 
errors, resulting from considering only the singular 
term of analytical displacements. Lin et al [ 1 O] 
applied this methodology toa 3D geometry and found 
that thc degree of ortogonality is also important for 
the accuracy of K. The inaccuracy was eliminated 
when the distance QA' was considcred instead of QA 
(figure 1 ). Besides, the K value is val id to point A'. 
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Fig. 1. Location of crack front point. 

The extrapolation method proposed by Chan et al 
[ 11] overcomes these difficulties. Severa! K values 
are obtained at different distances from crack tip, 
which are extrapolated to r-0, being r the distance to 
the crack tip. This eliminates truncation errors, as 
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they are zero at the crack tip. The finite element 
errors are eliminated disregarding the K values 
obtained at the crack tip elements. However, this 
method is quite sensitive to extrapolation errors and 
to finite element errors that still exist even using 
singular elements. 

Zhu et al [12] proposed an alternative method, which 
considers two terms of the analytical expression of 
displacements. Singular elements with mid-side nades 
positioned at quarter-point positions were considered. 
The displacements of two nodes are now needed to 
obtain K. The points considered were points 2 and 3 
indicated in figure 2, which belong to the crack 
surface and to a singular element. Guinea et al [13] 
used this method to study a three-point bend 
specimen and obtained good results even with large 
finite element meshes. The application of this method 
to three-dimensional problems is however limited to 
situations where the direction defined by points 2 and 
3 is normal to the crack front. 
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Fig. 2. Finite elements and nodes near crack tip. 

Another direct method fits the first term of analytical 
expression of displacements to the singular 
displacement field of quarter-point elements [14]. 
Antunes [9] applied this method to a two-dimensional 
geometry but obtained inaccurate results, which were 
explained by FEM errors and truncature errors. 

Thc objective of this paper is to define and test a 
different version of the direct methods that considers 
more tem1s of the analytical expression of 
displacements. This method intends to be easy to 
implement and accurate. The influence of the number 
of terms, finite element mesh and location of points is 
studied. 

2. A DIRECT METHOD WITH SEVERAL 
TERMS 

2.1. Two terms 

Undcr modc 1 loading and plane strain stress state, v 
displacements around a crack tip are given by [7.8]: 
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(1) 
where (E, v) are the Young's modulus and Poisson's 
ratio of the material, respectively, (r, 9) are the polar 
coordinates relative to the crack tip, P indicates the 
crack tip, K=3-4v, K1 is the mode I stress intensity 
factor and (A2, A3, ••. ) are the coefficients of non
singular terms. Considering the direction 9=180°, i.e., 
the crack surface, and only the first three terms, the 
crack opening displacements at points A' and B' 
(figure 2) are: 
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(2) 
Notice that the term with coefficient A2 vanishes for 
9=180°. Ifthe displacements ofpoints A', B' and P 
are obtained numerically, this system of equations can 
be solved for K1 and A3• This approach extends the 
methodology proposed by Zhu et al [12], which is 
limited to points 2 and 3 belonging to the singular 
element. Valla et al [ 15] used this technique to obtain 
K1 and A2• The accuracy ofthis procedure depends on 
the accuracy of FE results and on truncature errors, 
associated with considering only 2 terms of the 
analytical expression of displacements. Therefore, 
crucial aspects are the finite element mesh and the 
location ofpoints A' and B'. 

2.2. n terms 

This approach can be extended to more terms, i.e., 
more teims of the analytical expression of 
displacements can be considercd. The numbcr of 
nodal displacements needed is equal to the number of 
terms. A system of linear equations is obtained: 

l
v A'- v r = ~ (rA. ).K¡ + ~ {rA. ).A, + ... + fln-1 {rA ).Aln-1 

V9.- vr = ~{r9.).KI +~{~~:).A¡+ ... +~" ,(ru ).Aln-1 (3) 

v\- vr = f¡(r,,.).K 1 + f,(rx.).A, + ... + f2,_1(rx.l.Aln-l 

being {vA·· v8 ·, ... , v:d thc crack opening 
displacements ofpoints (A', B', ... , X') bclonging to 
crack flank (i.e., having 9=180°) and {rA·, r8 ·, ... , r:d 
the respective distances to the crack tip (P). K and the 
other coefficients (A3, ... , A211.¡) are the solution of 
this system. In this case, the accuracy depends not 
only on the FE mesh and on the location of points, 
but also on the number ofterms. 
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3. NUMERICAL PROCEDURE 

Figure 3 presents the geometry considered to study 
the accuracy of K calculation procedure. It is a plate 
with a central crack under mode 1 loading. The 
material considered was the aluminium alloy 6082-
T6. 

Figure 4 presents the physical model considered in 
the numerical analysis. Only a quarter part of the 
geometry was analysed, considering the symmetry 
conditions represented. The boundary conditions at 
the head of the specimen intended to simulate the 
constraints imposed by the grips of the loading 
machine. The remate stress considered was o=64 
MPa, while the material properties considered were 
E=74000 MPa, v=0.33. This model was analysed 
using MODULEF, a non-commercial finite element 
package [ 16]. Quadrilateral and triangular 
isoparametric elements with 8 and 6 nades 
respectively were used. Singular elements were used 
at the crack tip, obtained positioning the mid-side 
nades of 6-node triangular isoparametric elements at 
quarter-point positions (figure 2). The radial size of 
these singular elements was optimised on a previous 
analysis. The optimum values found were 
Ll.o"=30%.a, Lu 80..=0.875%.a, being LI.O'' and Lu 80 .. 

the radial size of singular elements for 8=0° and 180°, 
respectively, and a the crack length. lf a uniform 
radial size is considered around the crack tip, the 
optimum value found was L1==1.5%.a. 
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Fig. 3. Middle-tension (M(T)) specimen. 

Fig. 4. Physical modcl ofthe M(T) specimen. 

The nodal displacements obtained by the FEM were 
used to calculate the stress intensity factor. The 
approach proposed here was implemented in Visual 
Basic. 

4. RESULTS 

4.1. Two terms 

The two points needed to calculate K were chosen 
considering two strategies: 

S 1: the points are el ose to each other; 
S2: one ofthem is located near the crack tip. 

The nades along crack flank were numbered as 
indicated in figure 5. 

Fig. 5. Numbering ofnodes along direction 8=180°. 

Figure 6 presents the geometric factor 
(Y=K./cr.(1ta) 112

) obtained with two terms for a crack 
length a= 1 Omm, versus average distance to crack tip 
(r.,.) of points A', B'. The legend indicates the 
position of point closest to crack tip (A') for strategy 
S2. A finite element mesh with Lu 80 • .=0.875.%.a and 
L1•0..=30%.a was used. 
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Fig. 6. Y (=K./cr.(1ta) 1 2
) versus average distance to 

crack tip (a=!Omm). 

The results in figure 6 show a great variation of Y, 
which is mainly explained by the location of the 2 
points considered. Most of the values fall outside 
± 1 '}o of the corree! solution, therefore the points must 
be correctly chosen. The "cmTect" solution was 
obtained with the extemal forces method [5], which 
was validated with the J integral method and with the 
solution presented in [ 17] (differences lower than 
1%). Ifthe 2 points are clase to each other (strategy 
S 1 ), Y varies significantly with r., and most of the 
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values are inaccurate. The results obtained with 
strategy S2 are more stable, but are greatly influenced 
by the location ofthe point close to the crack tip. The 
variation of the second point (B ') does not influence 
significantly the results. 

Figure 7 presents the results obtained with 2 terrns for 
different positions of the point closest to the crack tip 
(A'). The other point was maintained fixed at r9 ·=a. 
Two finite element meshes were considered, with 
L1.1s0" =0.875%.a, L 1,o" =30%.a (optimum mesh) and 
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Fig. 7. Y (=K/cr.(1ta) 1 2
) versus distance to crack tip 

(a=10mm). 

L1=10%.a. It can be seen that A' cannot be positioned 
too close from crack tip, neither too far. The first 
element, and particularly point 2 (figure 5), is 
affected by finite elements errors. This error depends 
on the finite element mesh. If the mesh is relatively 
small, more elements can be affected, while with 
larger singular elements the inaccuracy appears to be 
limited to the first element. If point A' is chosen too 
far from crack tip, Y is affected by truncature errors. 
This result could be expected, as the singular terrn is 
dominant near the crack tip. When only one terrn is 
considcred, thc variation of Y with r is higher than 
using 2 terms. Bcsides, all the results are inaccurate. 

Thc cffect of finite element mesh can be better 
studied in figure 8. This shows the influence of L1 

(radial size of singular elements) on Y for different 
positions of point A'. Node 2 (figure 5) gives values 
clearly lower than correct due to finite element errors, 
therefore cannot be used. However, the nodes 3 to 7, 
belonging to the second and third element from crack 
tip, givc accurate results for a widc rangc of L1• 

Thereforc rclatively large meshes can be used without 
introducing errors. A great influence of Lu>" (radial 
sizc of singular elements along direction 8=0°) was 
observed, when this size was varied indepcndently of 
L1.1 80 .. (results not presented). The extemal forces 
method has a lower variation with L1 than the direct 
methods but, on the other hand, it needs severa! FEM 

analysis to obtain a K value. The direct method 
proposed by Zhu et al [12], which uses nodes 2 and 3, 
gives inaccurate results. 
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Fig. 8. Influence ofL1 (a=lOmm, 2 terrns). 

4.2. 11 terms 

Figure 9 presents the results obtained considering n 
terms and equal number of points. Two strategies 
were considered: 

S3: points distributed equally along the crack flank 
being point nearest to the crack tip at position 4 
(figure 5); 

S4: points together, close to the crack tip being the 
first at position 4. 

The best results were obtained with strategy S3, while 
strategy S4 gives quite inaccurate results, outside the 
range presented. The increase of the number of terms 
above 7 does not improve the results. The best results 
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Fig. 9. Geometric factor obtained with n terms (a= 
10mm). 
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were obtained for n=2 to 5. The errors observed can 
be explained by truncature errors associated with 
considering a finite number of terms. The finite 
element mesh has a great influence. 

Figure 1 O presents the numerical results obtained with 
4 terrns for different crack lengths. These results are 
within ±2% of the results obtained with the externa! 
forces method [5]. Therefore accurate results can be 
obtained with direct methods. 
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Fig. 10. Geometric factor versus crack length(4 
terrns). 

5. CONCLUSIONS 

A direct method for K calculation was developed, 
considering severa! terrns of analytical expression of 
displacements, and its accuracy was studied. 

Accurate results can be obtaincd with direct methods 
if the finite element mesh, the number of terrns and 
the location of points are adequately chosen. Finite 
element meshes larger than the optimum sizes can be 
used, because the accuracy is relatively insensitive to 
this. However, the externa! forces method has a lower 
variation with L1 than the direct methods. 

The method was found to be greatly dependent on the 
location of points, especially that located el o ser to the 
crack tip. With two terrns, good results were obtained 
positioning this point on the second or third element 
from crack tip. The other point must be positioned 
relatively far from the crack ti p. 

Finally, the number of tem1s has a great influence on 
K. The best results were obtained with n=2 to 5. 
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