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Abstract. This paper deals with the formulation and development of design criteria —on the basis of
fracture mechanics principles— for high-strength structural members containing surface damage in the
form of notches (i.e., blunt defects). In addition, the important role of the yield strength of the material
and its strain hardening capacity (evaluated by means of the constitutive law or stress-strain curve) is
analysed in depth by considering the fracture performance of notched samples taken from high-strength
steels with different levels of cold drawing (the most heavily drawn steel being commercial prestressing
steel used in prestressed concrete). The final aim of the paper is to establish fracture-based design criteria
for structural members made of steels with distinct yield strength and containing very different kinds of
notch-shape surface damage.

Resumen. Este artículo versa sobre la formulación y desarrollo de criterios de diseño —sobre la base de
principios de Mecánica de Fractura— para miembros estructurales de alta resistencia conteniendo daño
superficial en forma de entallas (es decir, defectos geométricos redondeados). Además, el importante
papel del límite elástico del material y su capacidad de endurecimiento por deformación (evaluada por
medio de la ley constitutiva o curva tensión-deformación) es analizado en profundidad considerando el
comportamiento en fractura de muestras entalladas de acero de alta resistencia con diferentes niveles de
endurecimiento por deformación (siendo el acero más fuertemente trefilado acero de pretensado comercial
utilizado en hormigón pretensado). El objetivo final es el establecimiento de criterios de diseño basados
en Mecánica de Fractura para miembros estructurales hechos de acero con distinto límite elástico y
considerando muy diferentes clases de daño superficial en forma de entalla.

1. INTRODUCTION
The study of high-strength prestressing steels has
special importance in civil engineering structures where
prestressed concrete is widely used. These steels are
manufactured from a previously hot rolled bar with
pearlitic microstructure which is heavily cold drawn in
several passes to produce the commercial prestressing
steel wire with increased yield strength obtained by a
strain-hardening mechanism. Then the final commercial
product has undergone strong plastic deformations able
to modify its microstructure. Thus, although cold
drawing improves the (traditional) mechanical properties
of the steel (i.e., those properties useful for regular
service), the microstructural changes during manufacture
may affect the fracture performance of the material,
specially in the presence of stress raisers like cracks or
notches [1-4]. In addition, notch-like defects (i.e., with
root radius different from zero) are very frequent in
structural components [1] due to the particular working
conditions (e.g. anchorages for prestressed concrete).
They generate a triaxial stress distribution near the

notch (cf. cracked ones), which allows a detailed
analysis of the influence of stress state and triaxiality on
ductile failure [5,6] and microscopic mechanisms of
fracture [7,8].
The final aim of this paper is the analysis of the fracture
process in high strength pearlitic steel governed by two
key variables: the stress triaxiality in the vicinity of the
notch tip (produced by notches of very different depths
and radii) and the yield strength of the material
(controlled by the degree of cold drawing achieved
during the manufacturing process to make prestressing
steel for civil engineering).
2. EXPERIMENTAL PROGRAMME
Samples from a real manufacturing process were
supplied by EMESA TREFILERIA. The manufacture
chain was stopped in the course of the process, and
samples of five intermediate stages were extracted, apart
from the original material or base product (hot rolled
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bar: not cold drawn at all) and the final commercial
product (prestressing steel wire: heavily cold drawn).
Thus the drawing intensity (straining level) is treated as
the fundamental variable to elucidate the consequences
of manufacturing on the posterior fracture behaviour.
The different steels were named with digits 0 to 6
which indicate the number of cold drawing steps
undergone. Table 1 shows the chemical composition
common to all steels, and Table 2 includes the diameter
(Di ), the cold drawing degree (Di /D0), the yield strength
(σ02), the ultimate tensile stress (UTS) and the fracture
toughness (KIC) of the steels.
Table 1 – Chemical composition of the steels
C
0.80

Mn
0.69

Si
0.23

P
S
Cr
V
Al
0.012 0.009 0.265 0.060 0.004
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Tensile fracture tests were performed on axisymmetric
notched specimens with a circumferentially-shaped
notch. Four notch geometries were used with each
material, in order to achieve very different stress states
in the vicinity of the notch tip and thus very distinct
constraint situations, thus allowing an analysis of the
influence of such factors on the fracture processes. The
dimensions of the specimens —named A, B, C and D
throughout this paper— were the following:
•
•
•
•

Geometry A :
Geometry B :
Geometry C :
Geometry D :

R/D
R/D
R/D
R/D

=
=
=
=

0.03, A/D =
0.05, A/D =
0.40, A/D =
0.40, A/D =

0.10
0.30
0.10
0.30

where R is the notch radius, A the notch depth and D
the external diameter of the specimen. These four
notched geometries are depicted in Fig. 2.

Table 2 – Diameter (Di ), cold drawing degree (Di /D0),
yield strength (σ02), ultimate tensile stress (UTS) and
fracture toughness (KIC) of the different steel wires.
Steel

0

Di (mm)
Di/D0

12.00 10.80 9.75
1
0.90
0.81

1

σ02 (GPa)

0.686 1.100 1.157 1.212 1.239 1.271 1.506

UTS (GPa)

1.175 1.294 1.347 1.509 1.521 1.526 1.762

KIC
60.1
(MPam1/2)

2

61.2

70.0

3

4

5

6

8.90
0.74

8.15
0.68

7.50
0.62

7.00
0.58

74.4

110.1 106.5 107.9

The stress-strain curves of the seven steels with
increasing degree of cold drawing appear in Fig. 1,
where a clear improvement of traditional mechanical
properties is achieved after manufacturing, due to a
strain hardening mechanism activated in the steels.
Fig. 2 – Notched geometries used in the experiments.
Three fracture tests were performed for each material and
geometry (thus a total number of 84 tests were
performed: seven materials, four notched geometries and
three tests of each) under displacement control and
recording continuously the load and the relative
displacement between two points distant 25 mm (the
gage length of the extensometer).

2

1.6

σ (GPa)

1.2

3. EXPERIMENTAL RESULTS
A6

0.8

A5
A4
A3
A2

0.4

A1
A0

0

0

2

4

6

8

ε (%)

Fig. 1 – Stress-strain curves of the different steels used
in the experimental programme.

The experimental results of the tests performed with the
four notched samples of slightly drawn steels (from 0 to
3) are given in Figs. 3, 4, 5 and 6 in the form of load
vs. displacement for the representative test of each group
of three (that displaying the intermediate curve). In the
test name, the first digit indicates the steel, and the
second represents the notch geometry of the specimen.
No significant differences between the analysed steels
are observed in the matter of the shape of the F-u
curves. Such a shape is dependent only of the notch
geometry, i.e., of the stress triaxiality (or constraint),
whereas the size of the curves (maximum load level)
does depend on the steel in particular.
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4. NUMERICAL MODELLING
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1

Fig. 3 – Load-displacement curves (sample A).
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Fig. 4 – Load-displacement curves (sample B).
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Fig. 5 – Load-displacement curves (sample C).
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In a fracture test the macroscopic external variables
(force, displacement,....) can be measured and the
microscopic modes of fracture observed by scanning
electron microscopy. To find the distribution of
macroscopic internal variables in the continuum
mechanics sense (stress, strain, strain energy density,...)
at any time, and particularly at the moment of fracture,
the finite element method (FEM) with an elastic-plastic
code was applied, using a Von Mises yield surface.
The external load was applied step by step, in the form
of nodal displacements. An improved Newton-Raphson
method was adopted, which modified the tangent
stiffness matrix at each step. Large strains and large
geometry changes were used in the computations by
means of an updated lagrangian formulation, so as to
predict the evolution of mechanical variables in the
samples after the instant of maximum load (i.e, after the
point of instability under load control), up to the
instant of final failure by physical separation of the two
fracture surfaces (i.e., up to the point of instability
under displacement control).
The constitutive equation of the material —as a
relationship between equivalent stress and strain— was
introduced into the computer program from the real
experimental results of the standard tension tests in the
considered materials (see Fig. 1). The curves were
extended for large strains on the basis of the volume
conservation in classical Plasticity and accounting for
the strain hardening evolution to obtain steel 6 from the
previous materials (steels 0 to 5).

100

F (kN)

(2003)

Geometries A and B (sharply notch specimens) present
a macroscopically brittle fracture behavior with no
decrease in load, while in geometries C and D (bluntly
notched specimens) the fracture behavior is ductile,
associated with a clear decrease in load in the F-u curves
(more pronounced in sample D with lower constraint).

100

F (kN)

Vol. 20

1

Fig. 6 – Load-displacement curves (sample D).

The finite elements used in the computations were
isoparametric with second-order interpolation (eight node quadrilaterals and six-node triangles). The problem
presents double symmetry, so as only a quarter of the
sample has to be analysed, and the displacements were
fixed along the axes of symmetry (boundary
conditions).
Fig. 7 offers a comparison of the load-displacement
curves really obtained in the fracture experiments and
those numerically predicted by using the finite element
method. Results for all geometries (A, B, C, D) are
plotted. It is seen that the agreement can be considered
as excellent in all cases, which indicates that the
numerical modelling is accurate enough to predict the
evolution of internal (continuum mechanics variables)
in the specimens up to the final fracture moment of
instability under displacement control, the numerical
prediction of the load decrease part of the curve being
also very good.
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5. FAILURE ANALYSIS
The numerical finite element method allows the
computation of internal variables (in the continuum
mechanics sense) at any instant, and particularly at the
moment of failure.

100

F (kN)

80
60

The analysed variables were the following:
40

Sample 0A

20

EXP.
NUM.

•

The hydrostatic stress, or mean normal stress,
defined as one third of the trace of the stress tensor.

•

The effective or equivalent stress defined in the Von
Mises sense of the mathematical theory of
plasticity.

•

The stress triaxiality, defined as the ratio of the
hydrostatic stress to the equivalent stress.

•

The axial stress, i.e., the component of the stress
tensor which is parallel to the main loading axis.

•

The equivalent plastic strain as a measure of
accumulated mechanical damage in the samples.

•

The strain energy density, together with its elastic
and plastic components, as well as the dilatational
and the distortional ones.

0
0

0.2

0.4
0.6
u (mm)

0.8

1

35
30

F (kN)

25
20
15
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10

EXP.
NUM.

5
0
0

0.1

0.2
0.3
u (mm)

0.4

0.5
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0.8
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2

25
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5
0
0

0.2

0.4
0.6
u (mm)

0.8

The hydrostatic stress reaches its maximum at certain
distance from the noth tip in geometries A and B (those
of minimum notch radius), and at the specimen axis in
geometries C and D (those of maximum notch radius).
In the latter case of notched specimens C and D there is
a displacement of such a maximum hydrostatic stress
point form the vicinity of the notch tip (at the early
steps of the loading process) to the axis of the specimen
at the latter steps of the loading process, including the
load decrease part of the load-displacement curve after
the instability point under load control (point of
maximum). This numerical result could have a crucial
influence in environmentally assisted fracture processes
in hydrogen embrittlement conditions, because
hydrogen is driven by the hydrostatic stress field
towards the locations of maximum value [9].
The equivalent stress in the Von Mises sense reaches its
maximum value at the notch tip in geometries A y B
(lower notch radius) and it follows a quasi-constant
radial distribution in geometries C and D (higher notch
radius). In the former case there is a sudden decrease
after the maximum as the distance x (from the notch
tip) increases.

20

10

Fig. 8 shows the distributions of hydrostatic and
equivalent stresses, as well as triaxiality at the failure
situation (instability point under displacement control)
for steel 0 (hot rolled material which is not cold drawn).

1

Fig. 7 – Experimental results (EXP) and numerical
predictions (NUM) for steel 0.

In the matter of triaxiality, the conclusions are similar
to those drawn for the hydrostatic stress in geometries
A, C and D. The only exception is the distribution of
triaxiality in geometry B (that with the highest levels of
constraint) in which, although the hydrostatic stress is
maximum near the notch tip, the triaxiality reaches its
maximum at a deeper point nearer to the specimen axis,
it being exactly located at that axis in the steel 6.
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Fig. 8– Distributions of hydrostatic stress (a),
equivalent stresses (b) and stress triaxiality (c) at the
final failure situation or instability point under
displacement control for steel 0 (hot rolled material
which is not cold drawn) and notched geometries A, B,
C and D. In the horizontal axis the coordinate x
represents the radial distance measured from the notch
tip (thus x = 0 is the tip itself and the specimen axis is
located at the right hand side).

Fig. 9 – Distributions of axial stress (a), equivalent
plastic strain (b) and total strain energy density (c) at
the final failure situation or instability point under
displacement control for steel 3 (with an intermediate
degree of cold drawing) and notched geometries A, B,
C and D. In the horizontal axis the coordinate x
represents the radial distance measured from the notch
tip (thus x = 0 is the tip itself and the specimen axis is
located at the right hand side).
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Fig. 9 plots the distributions of axial stress, equivalent
plastic strain and total strain energy density (SED). The
first represents the component of the stress tensor in the
loading direction and could influence purely brittle
fracture processes; the second is a measure of
mechanical pre-damage in the samples and the third has
a clear energetic meaning which could influence the
fracture process.

Now the objective is to find the governing variable at
the failure situation. To this end, the distributions of
internal variables (in the continuum mechanics sense)
plotted in Figs. 8 and 9 should be analysed to find out
which of them reaches a characteristic value at the notch
tip in geometries A and B and at the specimen axis in
geometries C and D. The only candidate is the effective
or equivalent stress in the Von Mises sense.

In geometries A and B (those of minimum notch
radius) the maxima are achieved in the vicinity of the
notch tip (axial stress) and exactly at the notch tip
(equivalent plastic strain and strain energy density).

To check the real adequacy of this equivalent stress as
the internal variable governing the failure situation with
independence of the notch geometry, Fig. 10 shows a
plot representing such a stress in samples A, B, C and
D versus the degree of cold drawing (number of drawing
steps undergone by each steel).

In geometry D the three maxima of axial stress,
equivalent plastic strain and strain energy density are
achieved just at the specimen axis, the slope of the
distribution being higher in the case of the axial stress.
6. FORMULATION OF A FAILURE CRITERION
The formulation of the failure criterion for the notched
specimens of high strength pearlitic steels with different
degrees of cold drawing is based on the question
whether or not there is a governing variable (in the
sense of continuum mechanics) which reaches a critical
value at the fracture initiation point (space localisation)
and at the failure instant (time localisation), that critical
value being independent of the specimen geometry and
thus dependent only of the material (that is, a material
characteristic value):
Then the failure criterion could be formulated in general
terms as follows:
Failure will take place when the proper
governing variable (in the continuum mechanics
sense) reaches a critical value at the fracture
initiation point.
With regard to the space localisation, the search of the
initiation point is made on the basis of a very detailed
fractographic analysis (cf. [10]) after which it is seen
that failure initiates at the notch tip in specimens A and
B (notched geometries of minimum radius) and at the
sample axis in specimens C and D (notched geometries
of maximum radius).
In the matter of time localisation, the failure situation
considered in this paper is that associated with the final
fracture by physical separation of the fracture surfaces,
i.e., the point of instability under displacement control
in the load-displacement plots. In the case of geometries
A and B, such a point coincides with the point of
instability under load control, since in those specimens
there is no load decrease in the load-displacement plots.

2000
EQUIVALENT STRESS (MPa)

Geometry C exhibits the maximum axial stress at the
specimen axis and the maxima of both the equivalent
plastic strain and the strain energy density near the
notch tip.

1800
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D
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3

4

5

6

DEGREE OF COLD DRAWING

Fig. 10 – Effective or equivalent stress at the failure
situation in notched samples A, B, C and D of steels
with variable degree of cold drawing (represented in the
horizontal axis by the number of cold drawing steps
undergone by each steel).
It is seen thet the equivalent stress reaches a
characteristic value in each steep with independence of
the notch geometry and thus the failure process is
governed by such a variable with physical meaning,
since it is one-to-one related to the distortional part of
the strain energy density.
Finally the failure criterion may be formulated in
specific terms as follows:
Failure will take place when the distortional
part of the strain energy density (or,
accordingly, the effective or equivalent stress in
the Von Mises sense) reaches a critical value at
the fracture initiation point.
where the fracture initiation point is the notch tip in
those geometries of minimum tip radius and the
specimen axis in those geometries of maximum tip
radius. The choice of a single point to apply the failure
criterion is equivalent to the assumption of a
characteristic distance (related to the microstructure of
the material) very small: of the order of one or two
times the size of one of the characteristic microstructural
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levels: the pearlite colony size or the pearlitic
interlamellar spacing. Those sizes vary as a function of
the degree of cold drawing, the pearlite colony size
ranging between 5 and 15 µm and the pearlitic
interlamellar spacing ranging between 0.03 and 0.06
µm, after the measurement performed previously [11].
7. CONCLUSIONS
A failure analysis of high-strength structural members
containing notch-shape defects with very different
geometries (very distinct notch depths and radii) was
presented in this paper, on the basis of a broad
experimental program of fracture tests on notched
specimens and posterior numerical analysis by the finite
element method.
From the experimental view point, it was seen that
specimens A and B (those of minimum notch radius)
fail in a brittle manner with no load decrease in the
load-displacement curve. On the other hand, specimens
C and D (those of maximum notch radius) fail in a
ductile manner associated with load-decrease in the
load-displacement curve.
The numerical results show that the main internal
variables reach their maximum values at the notch tip or
in its vicinity in the case of specimens A and B and at
the sample axis in the case of specimens C and D,
which is consistent with the previous conclusion about
the brittle behaviour of the former and the ductile
behaviour of the latter.
A failure criterion was formulated for notched samples
of high-strength pearlitic steel with different degrees of
cold drawing: failure will take place when the
distortional part of the strain energy density (or,
accordingly, the effective or equivalent stress in the
von Mises sense) reaches a critical value at a small
region characteristic of the material microstructure.
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