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RESUMEN

Durante los últimos aõs, el grupo de mecanica de materiales de la ETSECCPB-UPC ha desarrollado una metodologı́a
para el análisis mesomecánico de probetas de hormigón, utilizando elementos junta de espesor nulo en 2D y 3D, que
ha sido descrito en anteriores ediciones de esta publicación ası́ como en artı́culos de revista. En este planteamiento, la
geometrı́a mesoestructural se genera mediante programas de desarrollo propio basados en la teorı́a de Voronoı̈/Delaunay.
Para el análisis, los elementos de continuo se suponen elásticos y lineales, El comportamiento no lineal y la fractura se
consiguen mediante el uso sistemático de elementos interfase de espesor nulo que se insertan a lo largo de ciertos planos
potenciales de fractura predeterminados. En este artı́culo se presentan los primeros resultados obtenidos para estados de
carga biaxiales. Los resultados son muy satisfactorios y, en particular, se constata que, incluso probetas con un reducido
número de áridos (14 áridos en el presente estudio), permiten obtener la envolvente de rotura para cargas biaxiales ası́ como
capturar las diferentes tendencias y orientaciones de la fractura para cada estado biaxial de cargas.

ABSTRACT

In recent years the group of mechanics of materials at ETSECCPB-UPC has developed an approach for mesomechanical
analysis of concrete using zero-thinckness interface elements in 2D and 3D, which was described in previous issues of
this series and in journal papers. In this methodology, the meso-structural geometry is generated with in-house developed
computer programs based on Voronoı̈/Delaunay theory. For the analysis, continuum elements are assumed linear elastic.
Non-linearity and fracture phenomena are made possible by the systematic use of zero-thickness interface elements inser-
ted on .a priori”determined potential fracture planes. In this paper, the first results obtained for 3D specimens subject to
biaxial loading are presented. The results turn out to be very satisfactory and, in particular, it is observed that even spe-
cimens which contain a reduced number of aggregates (14 in the present calculations) lead to a realistic failure envelope
under biaxial loading, and they also capture the tendencies of cracking and fracture orientations observed in experiments
for different rates of biaxial loading.

ÁREAS TEMÁTICAS PROPUESTAS: Métodos analı́ticos y numéricos.

PALABRAS CLAVE: Zero-thickness interface elements, mesomechanical analysis, biaxial loading.

1. INTRODUCTION

Concrete is one of the most popular construction mate-
rials, and people have been using it for long time. Many
models, theories and numerical techniques have been de-
veloped to represent its mechanical behavior, including
a large variety of constitutive models. Among them, one
can indicate elasto-plastic models [1, 2], damage models
[3, 4] and other novel developments such as the micro-
plane model [5, 6]. However, progressively more elabora-
ted constitutive relations have have also required a larger
number of parameters, sometimes difficult to obtain and
with not clear physical meaning.
In the 80’s, the mesomechanical approach sometimes
known as numerical concrete was proposed by [7], and
followed later by others. It consisted on discretizing the
first level of material (meso-structure) and assigning to
each material component its individual geometry and pro-
perties. There is no doubt that the complexity of the non-

linear behavior of concrete may be largely associated to
its heterogeneity and components. Therefore, it seems
reasonable that considering explicitly each material com-
ponent (geometry and mechanical properties) will allow
us to consider simpler constitutive assumptions inexchan-
ge for an increasing size of the global problem. After the
pioneer work of Roelfstra, different methodologies for
considering the meso-structure have been proposed: latti-
ce models, particle models and continuum meso-models.

Lattice models :
In lattice models, the continuum material is discretized by
means of a grid or mesh of rod elements (free rotations at
nodes) or beam elements (non-free rotations at nodes).
Schlangen and van Mier have used a lattice model for
modeling concrete cracks [8]. To consider the heteroge-
neity of the material, the basic lattice is superimposed on
an image of the aggregate geometry and the material pro-
perties of the elements are assigned depending on their
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location: within an aggregate, within the mortar matrix
or crossing an interface.

Particle models :
Other authors proposed different models close to the lat-
tice models, but based in a random distribution of par-
ticles, [9], which represent the main aggregate pieces in
the concrete and their interactions. The main idea of these
models has its origin in the Distinct Element Method or
DEM [10], proposed to describe the behavior of granular
materials, especially in the geomechanics context.

Continuum meso-models :
Examples of this approach are [7], [11], [12]. In the mo-
del proposed by Roelfstra, the granular inclusions were
represented as circles. In the model of Stankowski con-
crete is represented in terms of polygonal approxima-
tions with irregular shapes for the aggregates. Stankows-
ki’s model was also proposed in 2D, and only considered
interface elements in the contacts between aggregates and
mortar, while the matrix elements were assumed elasto-
plastic. Vonk’s model considered interface elements in
the contacts between aggregate and mortar, as well as
through the mortar. The behavior of the interface ele-
ments is governed by a Mohr-Coulomb criterion that is
combined with a second surface which limits the tensile
strength.

2. 3D MESO-STRUCTURE GENERATION

In this work, a new approach for representing concre-
te at meso-scale is used. This approach, developed over
the last few years by the group of mechanics of mate-
rials at ETSECCPB, [13, 14, 15, 16], is based on a meso-
structure representation of concrete similar to the repre-
sentation used by Stankowski. However, in this approach
interface elements were also introduced to connect aggre-
gates through the matrix in a similar fashion as the model
developed by Vonk.
The methodology followed for the generation of the
geometry is based on the Voronoı̈/Delaunay tessellation
theory. Similar methodology was already used for the ge-
neration of geometries in 2D analyses of concrete [13]
and trabecular bones [17] within the same research group.
The 3D version has required the implementation of more
efficient algorithms, dealing with specific data structures
as well as the development of new algorithms for the geo-
metry treatment.

3. 3D INTERFACE CONSTITUTIVE MODEL

Departing from the initial 2D model proposed by Carol et
al., (1997) [18], a new 3D version of the model has been
developed. The new version is formulated in terms of th-
ree relative displacements, one normal and two tangential
on the plane of the interface element. The cracking sur-
face is a hyperboloid, and is defined using three physical
parameters: tensile strength (χ), apparent cohesion (C)
and friction angle (tanφ), that evolve according to one

single history variable which accounts the work spent in
fracture processes (W cr). The new model contains a se-
ries of new changes that may be summarized as follow:

a) A hyperboloid has been chosen for the plastic poten-
tial. The new flow rule is defined by three physical pa-
rameters: χ, CQ and tanφQ, in which χ is the same
than for the cracking surface, whereas CQ and tanφQ

are defined by means of a scaling function of C and
tanφ respectively. This definition makes the model in
general non-associated, although by choosing the ade-
quate parameters associativity may be recovered. The
new definition for the flow rule avoids some discon-
tinuities detected in the previous 2D model [18] that
affected the convergence rate.

b) New evolution laws for χ, C and tanφ have been
chosen. These laws represent a minor change, but
avoid discontinuous derivatives at the singular points
W cr = 0, W cr = GI

f and W cr = GIIa
f , which were

present in the original definition of the model using
linear decay laws.

c) The new version of the model incorporates an al-
ternative integration procedure based on “Backward-
Euler”scheme. The new integration scheme includes
the history variable, W cr, as an independent variable
and as a consequence quadratic convergence is obtai-
ned in the integration process.

More information about the procedure for the meso-
structure generation, constitutive model formulation, nu-
merical aspects and results otained under uniaxial loading
may found in [14, 15, 16].

4. BIAXIAL LOADING

The main purpose of this loading case is to illustrate the
capabilities of the model for reproducing more complex
loading situations than the uniaxial tension and compres-
sion considered in previous papers. The original idea was
to replicate exactly the lab experiments carried out by
[19]. In those experiments 20x20x5 cm3 concrete speci-
mens were loaded to failure under various biaxial loading
states. However, to replicate exactly those specimens the
number of aggregates exceeded the computational power
available. This was due to the minimum number of ag-
gregates across the specimen depth, which forced a small
aggregate size, then leading to a high number of them
over the entire specimen. As an alternative, a cubical spe-
cimen has been used for this test. It was expected that a
thicker specimen would basically reproduce similar beha-
vior with much lower computational requirements becau-
se aggregates can be larger. In particular a 14-aggregate
specimen has been used to obtain the biaxial failure en-
velope.
The original lab experiment was performed under displa-
cement control, but additionally the ratio of the applied
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stresses was also under control and maintained a cons-
tant ratio σ1/σ2. To reproduce the same loading scena-
rio, computations have been carried out under load con-
trol which ensures constant ratio between σ1 and σ2, but
using Arc-Length method to be able to reach the peak
load. Load is only applied on two faces (active faces)
whereas their opposites (passive faces) have been blocked
their normal displacement and freed the on-plane displa-
cements. Loading platens corresponding to active faces
have been discretized with linear prismatic elements ob-
tained with an “extrusion” meshing method, figure 1.
Along the contact between platens and concrete, linear
elastic interface elements have been introduced with the
following material parameters: KN = 109 MPa/m and
KT = 0,0 MPa/m. These interface elements prevent
inter-penetration of the platen within the concrete body,
and at the same time allow free sliding of the concrete
mesh with respect to the rigid platen. The material para-
meters used for the concrete are: E = 70000 MPa (aggre-
gate), E = 25000 MPa (mortar) and ν = 0,20 (both) for
the continuum elements; for the aggregate-mortar interfa-
ces: KN = KT = 109 MPa/m, tanφ0 = 0,6, tanφr =
0,2, tensile strength χ0 = 2,0 MPa, c0 = 7,0 MPa,
GI

F = 0,03 N/mm, GIIa
F = 10GI

F ; for the mortar-mortar
interfaces the same parameters except for χ0 = 4,0 MPa,
c0 = 14,0 MPa, GI

F = 0,06 N/mm.

Figura 1: Finite element mesh for concrete and rigid pla-
tens used in the biaxial numerical tests.

Seventeen different loading paths with different propor-
tions of σ1 and σ2 have been applied to the experiment.
In terms of θ (where: θ = tan−1 (σy/σx)) they are: 450,
600, 750, 900, 1200, 1350, 1500, 1600, 1700, 1750, 1800,
187.50, 1950, 202.50, 2100, 217.50 and 2250. The unia-
xial compressive strength obtained is 36.42 MPa (σx), va-
lue which is not too far from the average concrete strength
used in the experiments, 31.50 MPa. Both biaxial dia-
grams (numerical and experimental) are compared in fi-
gure 2.
In figures 3 to 9 the cracking state view in direction per-
pendicular to planes XY, XZ and YZ (in terms of relative
displacement norm) have been represented for each loa-
ding path marked in figure 2. In general, the numerical
results obtained agree well with the experimental data in
spite of the differences between the specimens used in the
calculations and in the experiments. The results reprodu-
ce successfully the compressive to tensile strength ratio

(≈ 10), the similar tensile strength for biaxial and unia-
xial loading and the increase of strength in the biaxial
compression zone. A more detailed description of the re-
sults is given in the next subsections.

Figura 2: Comparison between experimental (marked
using dots, [19] and numerical failure envelope for bia-
xial loading (continuous line).

Tension-tension loading (45 and 60o)

Figure 2 showed that the resulting tensile strength is al-
most the same for any value of θ within the range 00 ≤
θ ≤ 900, with only a slight reduction when θ = 450. In
figure 4, the opening cracks develop through a plane ort-
hogonally oriented to the maximum loading direction (σy

in this case) and coincides with the observed tendency in
the case of uniaxial tension along Y direction. However,
when σx = σy opening cracks appear more or less 450

oriented due to the absence of a predominant loading di-
rection, figure 3.

Tension-compression loading (170 and 175o)

The results in this loading sector are represented in fi-
gures 5 and 6. Figure 2 showed that, within this sector of
the diagram, the material strength is mainly governed by
the tensile response. The envelope side is close to a ho-
rizontal line and the tensile strength is similar to the one
under uniaxial tension. However, if compression level in-
creases over 95 % of the uniaxial compression strength(
θ ≥ 1750

)
, the material behavior changes suddenly, and

the envelope diagram takes some slope. In terms of cra-
ck patterns, similar features may be observed in figu-
res 5 and 6. For instance, for low levels of compression(
900 ≤ θ ≤ 1700

)
, cracking patterns agree with the case

of uniaxial tension as shown in figure 5. However for high
levels of compression (1750 ≤ θ ≤ 1800), the cracking
patterns agree with the case of uniaxial compression, fi-
gure 6. These results reflect the capabilities of this model
to capture the failure transition between mode I and mi-
xed mode.

Anales de Mecánica de la Fractura Vol. I (2006)

167



Figura 3: θ = 450. Cracking state for planes XY (left), XZ (center) and YZ (right), in terms of relative displacement norm.

Figura 4: θ = 600. Cracking state for planes XY (left), XZ (center) and YZ (right), in terms of relative displacement norm.

Figura 5: θ = 1700. Cracking state in terms of relative displacement norm. Planes XY (left), XZ (center) and YZ (right).

Figura 6: θ = 1750. Cracking state in terms of relative displacement norm. Planes XY (left), XZ (center) and YZ (right).
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Figura 7: θ = 202,50. Cracking state in terms of relative displacement norm. Planes XY (left), XZ (center) and YZ (right).

Figura 8: θ = 217,50. Cracking state in terms of relative displacement norm. Planes XY(left), XZ(center) and YZ(right).

Figura 9: θ = 2250. Cracking state in terms of relative displacement norm. Planes XY (left), XZ (center) and YZ (right).

Compression-compression loading (202.5, 217.5 and
225o)

The results in this loading sector are represented in figu-
res 7, 8 and 9. In figure 2 it can be seen that in this sector
the final compressive strength increases with respect to
the value obtained in uniaxial compression, both in the
experiments and in the calculations. In particular, when
σy/σx = 1 the increase is 17 %, although the largest in-
crease is obtained for σy/σx = 0,41, qualitatively close
to the experimental results. On the other hand, in figu-
re 2 it is also apparent that although numerical and expe-
rimental diagrams agree qualitatively, the first one shows
a higher strength than the second. On the other hand, in
figures 7, 8 and 9 it is possible to see that the opening cra-
cks are mainly oriented parallel to the loading directions,

and therefore parallel to the XY plane.

5. CONCLUDING REMARKS

In this paper, the 3D meso-mechanical approach propo-
sed recently [14, 16] has been used to analyze a 14-
aggregate mesh under biaxial loading. The failure envelo-
pe obtained numerically has been compared with the ex-
perimental results obtained by Kupfer [19]. In particular,
the obtained numerical failure envelope agrees qualitati-
vely well with the experimental results. In addition, the
numerical approach also captures similar values of ten-
sile strength for uniaxial and biaxial tension, the increa-
se of compression strength for the biaxial compression
with respect to the uniaxial compression, and the relation
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fc ≈ 10ft. Current work aims at the extension of this
analysis to geometries with larger number of aggregates,
to study more complex specimens (cylinders, panels, not-
ched beams, etc.) as well as other loading scenarios.
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