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RESUMEN 

 
Es frecuente que durante servicio los materiales cerámicos avanzados fallen debido a daño por contacto. En el caso de 
materiales frágiles, el principal modo de daño es el desarrollo de una grieta cono.  En el caso que exista una tensión 
residual, el factor de intensidad de tensión de esta grieta cono se verá alterado, lo que implicará un cambio en la 
geometría de la grieta cono (tanto el ángulo como la longitud) que afectará a la resistencia mecánica del componente. 
En este trabajo se estudia la relación entre tensión residual y geometría de la grieta cono, utilizando un material 
multicapa de alúmina / alúmina-circona que desarrolla tensiones residuales debido al desajuste entre la expansión 
térmica entre capas, empleando para ello cálculos por elementos finitos así como observaciones experimentales. Se 
modelan grietas largas con diferentes ángulos y diferentes tensiones residuales con el objeto de determinar el ángulo de 
propagación y la longitud de grieta en función de la tensión residual externa.  
Se muestra que la existencia de una tensión residual de compresión hace disminuir el ángulo, así como la longitud,  de la 
grieta cono. La variación del ángulo y la longitud de la grieta se racionalizan para obtener una relación semi-empírica. 

 
 

ABSTRACT 
 

The cause of failure of advanced technical ceramics during service is often damage produced by contact loading. In  
ceramic materials, such damage has the form of a stable cone crack. The presence of residual stress influences the stress 
intensity factors, which translates in a change of the geometry of the cone crack (angle, crack length), which will affect 
the mechanical strength of the component. 
In this work such influence is studied for an alumina / alumina-zirconia ceramic laminated material with residual stresses 
due to the thermal expansion mismatch between layers, by means of experimental observations and calculations by the 
Finite Elements Method. Developed long cracks are modelled with different angles, and the straight-propagation angle 
is sought iteratively for several compressive or tensile residual stresses. In the same way, the crack length was calculated 
as a function of external stress.  
It is shown that the compressive residual stresses  produce a decrease of the angle of propagation as well as a shortening 
the crack length. The variation of crack angle and length are rationalised and normalised to obtain a general semi-
empirical law. 
 
ÁREAS TEMÁTICAS PROPUESTAS: Fractura de Cerámicos o Polímeros. 
 
PALABRAS CLAVE: Indentation, residual stress, laminated composites. 
 

 
1. INTRODUCTION 

 
Advanced ceramic materials can be potentially used in 
many technical applications due to the excellent 
properties of this class of materials, both in terms of 
chemical and thermal resistance and of mechanical and 
tribological properties. However, ceramics present low 
toughness and structural reliability, which precludes 
their use when those parameters are critical.  
 
To improve these properties there are several 
alternatives, like phase transformations, controlled 
microstructures, fiber reinforcement, or laminated 
structures[1]. In this latter approach there are several 
ways to increase strength or reliability, such as weak 
interfaces[2], crack shielding or deviation[3], crack 

bifurcation[4], or compressive residual stress[5], among 
others. 
 
In the case of compressive residual stresses, they are 
usually generated during processing by stacking layers 
with different coefficients of thermal expansion (CTE). 
In these composites the total stress intensity factor 
acting on the critical flaw is reduced by the residual 
stresses, and consequently the strength is increased. 
 
However, in many applications, such as load bearings 
implants, or cutting tools, ceramic components are 
subjected to localized contact loading, which is often the 
cause of failure or of loss of functionality, which 
produces a distinctive type of damage and cracking 
compared to remote loading. 
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Figure 1. Scheme and critical parameters of Hertzian 
cone crack 

 
Resistance to this class of loading can be effectively 
tested by mean of blunt (spherical or flat punch) 
indentation. As an example, Guiberteau et al. evaluated 
the damage accumulation in polycristalline brittle 
materials by cyclic spherical indentation, highlighting 
that a strong surface damage can be present without 
major strength degradation[6]. 
 
The analysis of the contact of a blunt body is complex 
and produces a distinctive damage sequence[7]: First, 
the tensile stress in the surface nearby the contact radius 
r causes surface flaws to develop circumferentially in a 
shallow ring crack, usually around the entire 
circumference. Further downward propagation is abrupt, 
for a higher load, driven by a mixed I+II mode, which 
causes immediate kinking of the ring crack and growth 
with an almost constant angle (α) which depends mainly 
on the Poisson coefficient of the material[8], with the 
formation thus of a cone crack. Propagation ceases when 
the stress intensity factor equals the toughness of the 
material. The stress intensity factor of the cone crack (K) 
can be expressed, following Lawn[7], as: 
 

2/3C
PK χ=                  (1) 

 
with χ a geometry coefficient and C the length of the 
generator of a virtual entire cone, C=c+r/cosα, P the 
indentation load, c the crack length, r the contact radius 
and α the crack angle, as illustrated in figure 1. Another 
expression for K based on high-order weight functions 
was proposed in more recent years by Fett[9]. 
 
Predictions of the angle of propagation were derived 
since 1967[10], when it was proposed that cone cracks, 
as a first approximation, follow the direction 
perpendicular to the maximum positive principal stress. 
Despite of evidences of the approximate nature of the 
assumption, which gave good results with unrealistic 
values of coefficients of Poisson, it was only in recent  
years that studies of crack propagation based on the 

actual evolving stress field were carried out, with 
excellent agreement with experimental measures in 
glass[8, 9, 11]. However, values of crack angles for 
other materials are less reliable and difficult to find in 
literature because polycristalline ceramics are not 
usually transparent and therefore are not the preferred 
materials for Hertzian fracture studies. 
 
The geometry of cone crack has a remarkable influence 
on the strength degradation of the material. In the 
hypothesis that the amount of quasi-plastic damage is 
negligible with respect to brittle damage, strength will 
depend on the stress intensity factor acting on the cone 
crack, therefore on the angle and length of such 
crack[12]. 
 
The influence of residual stress on the first step of the 
crack formation, that is, the formation of ring crack, was 
observed and rationalised by Roberts et al.[13], and by 
the authors under both static and cyclic fatigue loading, 
for some alumina-based laminated systems, showing a 
considerable improvement, consistent with the 
increment in apparent toughness[14]. 
 
Up to the authors’ knowledge, no study has been 
published regarding the influence of long-range residual 
stress on the geometry of cone crack produced by 
Hertzian indentation. In this work a study by finite 
elements simulation is presented, and a model based on 
long straight cracks has been developed. Results were 
compared with experimental subsurface observations. 
 
 

2.   THEORY 
 
In an unstressed material, cone crack produced by 
Hertzian indentation propagates following the direction 
for which KII=0, which is the direction of maximum 
energy release rate. A change in the loading conditions 
producing a 0≠IIK  will make the crack kink with an 
angle β which can be expressed, for small values of 

IIK [15], as: 
 

I

II

K
K

2−≅β                  (2) 

 
If homogeneous non-local residual stresses are present 
in the material, they produce stress intensity factors 

IK , IIK  which superposes to the ones from indentation, 
with consequent changes in crack length and 
propagation angle. 
 
Therefore, supposing that residual stresses are biaxial 
and uniform, for a crack of given c and α to grow 
straight the residual stress should produce a mode II 
stress intensity factor r

IIK  which equals the i
IIK  from 

indentation: 
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0=+ r
II

i
II KK                              (3) 

 
as a first approximation from the infinite plate case, r

IIK  
equals to: 
 

cYK r
r
II ασα cossin=                 (4) 

 
with Y=1.12.  
Considering for simplicity straight cracks of arbitrary 
given c and α, one can find the loading conditions 
(indentation load, residual stress) necessary for the crack 
to grow without kinking by solving equation (3). 
However, i

IIK  in (3) refers to an hypothetical crack on 
an arbitrary trajectory, whose analytical solution is not 
straightforward and will depend on the length c, 
especially if one considers the complication of the 
presence of a crack in the complex stress field generated 
by indentation.  
 
The influence on crack length can be estimated in a 
similar way: contributions from indentation and external 
stresses sum in the total mode I stress intensity factor: 
 

r
I

i
II KKK +=                  (5) 

 
with r

IK  positive if the external stress is tensile, that is: 
 

cY
C

PK rI ασαχ 2
2/3

sin)( +=                      (6) 

 
where the expression of KI for the infinite plate has been 
used for the contribution from residual stress. 
 
Therefore, in presence of biaxial uniform residual stress 
both α and c will change to 'α  and 'c , and the 
equilibrium condition for KI can be written in an 
approximated form as:  
 

Icr KcY
C

P
=+ 'sin)'( 2

2/3
ασαχ                       (7) 

 
for c>>a. 
 
As a first approximation, c can be evaluated from the 
equation (7); however, the evaluation of the change in 
angle is not trivial, as well as its influence on the 
geometrical coefficients. Moreover, the problem is 
expected to become more complex in presence of a not 
uniform residual stress. Therefore a numerical analysis 
is necessary in order to provide a general approach to 
the problem, which takes into account both the crack 
variation in angle and the equilibrium length. 
 
 

3.   EXPERIMENTAL 
 

1) FEM analysis. A flat punch instead of a sphere was 
chosen in order to simplify the model, since the 
propagation angle is similar for both geometries[8]. 
Flat punch indentation (r=100 µm) was simulated with 
the commercial finite elements software ABAQUS. A 
rigid friction-free indenter was represented in an 
axysimmetric model by applying vertical displacement 
to the nodes corresponding to the contact area. Nodes 
were free to move in the horizontal direction. The 
element type was hexahedral quadratic.  
 
In order to avoid the complexity of an incremental 
simulation, straight well-developed cracks were 
modelled with different angles (18-30º) and different 
lengths (0.25-2 times the contact radius), where the first 
step of the crack propagation, that is, the evolution from 
ring to cone crack, was not simulated. However the kink 
was modelled with a starting radius of 1.1 times the 
contact radius, chosen arbitrarily but after experimental 
obervations as it should have no influence on the crack 
angle[11] for cracks of sufficient length. In absence of 
the ring-cone transition it was arbitrarily chosen that all 
cracks converge to the contact radius, as showed 
schematically in Figure 2. Uniform biaxial residual 
stress ranging from 0 to 500 MPa was applied as an 
external uniform pressure on the vertical side of the 
model. 
 
The elastic constants of the material were those of 
alumina (E=380 GPa, ν=0.26); no plastic deformation 
was considered. 
 
The stress intensity factors III KK ,  were calculated in 
the unstressed material with the contour integral method 
built into the software for several combinations of angle 
α and length c. The kink angles β were evaluated using 
the 0=IIK  criterion. Biaxial compressive or tensile 
stress was then applied with a constant rate, and for any 
crack the magnitude of stress σr was sought for which 
β=0. 
 
2) Experimental observations. Experimental 
observations were performed on monolithic alumina and 
an alumina/alumina-zirconia 60/40%wt multilayer 

 
 

Figure 2 Scheme of the crack initiation geometry 
modelled 
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produced by tape casting, in whose external layers a 
residual stress of approx. MPar 220≅σ  was measured. 
A further description of the processing and 
characterization of these materials is presented 
elsewhere[5]. Indentations were performed with a WC-
Co 2.5 mm diameter sphere under a constant load 
P=980 N. 
 
In order to measure the propagation angle α and the 
crack length c, two different observation techniques 
were employed:  
 

1) The indented samples were cut near the 
indentation and polished until the center of the 
cone crack, or 

2) The indented samples were progressively ground 
and polished in the surface in small steps (10-30 
µm), and the radius of the cone crack was 
measured as a function of the distance from the 
original surface. 

 
 

4. RESULTS AND DISCUSSION 
 

In order to find an expression for the IIK  of arbitrary 
cone cracks under flat indentation, several simulations 
were run for different crack lengths and angles, leading, 
for the angles considered, to the expression 

)(
1

0αα −=
AK

K

I

II                 (8) 

  
with α0 the propagation angle, A a material coefficient 
constant for all the tested conditions, which could be 
adjusted to A=0.3353 (Figure 3). 
It can be seen that the value of α0 in the studied case 
changes slightly, increasing with the crack length 
reaching a constant value from rc 5.1≅ .  
In presence of long range residual stress, considering 
that 0)( 0 =αi

IIK , from (4) and (8) we obtain: 
 

i
I

r
I

r

KK
cY

A
+

≅∆
ασα

α
cossin

               (9) 

 
Data from simulations and the fitting curve are reported 
in Figure 4. It can be seen that the dependence is more 
complex than in the unstressed material, where the angle 
of propagation is a function of only the elastic constants. 
 
The stress intensity factor for uniform stress increases 
with crack length, while the indentation stress decreases 
rapidly, therefore the propagation angle changes 
appreciably as crack grows. 
 
The fracture toughness of the material also has an 
important role in the crack extension: propagation will 
occur when the total factor IK  is equal or greater than 
the fracture toughness of the material. Then, either 
considering a kinking crack or a simplified straight 
crack, the denominator in equation (9) has a direct 
influence on the change of angle.  
 
As mentioned before, the influence of residual stress on 
the crack length can be split in two contributions: the 
stress intensity factor r

IK  adds to the one from 
indentation, and the change in angle influences the 
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Figure 3. Mode II/I ratio stress intensity factor as a 

function of the angle a for two crack lengths. 
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Figure 4. Diagram of the change in propagation angle 

in presence of uniform residual stresses. Data from 
calculation for two crack lengths. 

 
Figure 5. Influence of compressive residual stress on 
the final cone crack length, for ,100,º23 mr µα ==  

mMPaK Ic 5.3= , MPar 3600 −=σ  
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geometrical coefficients χ and Y in (7). It can be seen 
that a prediction of the final length is not trivial and the 
approximation of straight crack in this case is probably 
inaccurate due to the change in crack angle. 
 
An approximated estimation with an iterative numerical 
method in the long crack-zone considering a constant 
propagation angle and, therefore, geometrical 
coefficients, was performed for the case of º20=α , 

mr µ100= , mMPaK Ic 5.3=  for an indentation load 
P from 400 to 1000 N and residual stresses from 0 to 
360 MPa. Results are reported in Figure 5 
 
As another indicative result, the change of IK due to 
residual stress in a relatively short crack, where the 
approximation (1) is not valid and with fixed α, is 
presented in Figure 7. The contribution due to 
indentation was therefore taken directly from 
simulations and the contribution from residual stress was 
approximated with the analytical formula.  
 
A more accurate estimation of the evolution of a cone 
crack in the studied material under a load P=1000 N was 
performed with the following incremental algorithm 
with steps of 10 µm in crack length, in which the only 
approximation is in the value of the geometrical 
coefficient, in that the angle of propagation is taken in 

each step as the average between the current and the 
starting angle, thus approximating the crack as straight, 
but considering the evolution of the geometrical factor 
Y(α):   
 

 Experimental FEM 

α0 27.7±2.6º 24º 

c0 [µm] 245±30 356 

∆α 7.1±1.1º 7.7º 

∆c/c0 0.86±0.21 0.86 

Table 1 Changes in crack geometry, 
experimental and numerical values. 

 

Ic

i
ii

r

i K

cY
2

cos
2

sin 00

01

αααα
σ

αα

++

+=+          (10) 

 
with α0=27.7º (from experimental values, see below), 

mMPaK Ic 5.3= . The load P was calculated by 
reversing the equation (7), with the same considerations 
on the geometry coefficients. The geometry of the 
cracks obtained is presented in Figure 6. The total 
change in angle is º7.7≅∆α , the lengths ratio 

86.0/ 0 ≅cc . 
 
Experimental observations led to the values reported in 
table 1 for monolithic and layered materials, together 
with the amounts of change in angle and length in the 
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Figure 6. Numerical estimation of the crack evolution 

in unstressed and stressed Al2O3, considering both 
change in angle α and in final length c, under a load 

P=1000 N, with r=100 mm. 
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Figure 7. Estimation of the mode I stress intensity factor 

KI under an indentation load P=400 N, in presence of 
residual stresses from -400 to 400 MPa. 

 
 

 
 

Figure 8 a) Alumina/ alumina-zirconia laminate, and b) 
optical micrography of the change of angle in a 
multilayer composite due to residual stress.  

(b) 
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laminated material. A good agreement was found in 
unstressed material both with values reported in 
literature, of approx. º26≅α [16], and with the Finite 
Elements results ( º240 ≅α ). The final crack length 
fulfils the classical expression [7]. 
A slight underestimation of angle is present in the FEM 
calculation, as well as an overestimation of the crack 
length, due probably to the inaccuracies on the 
measurement of the fracture toughness or the possible 
R-curve of the material; however, the changes in 
propagation angle and final crack length calculated by 
means of equations (10) and (7) agree well within the 
error boundary with the experimental results. 
 
The progressive change in angle is difficult to detect by 
experimental observation, due to the polycristalline 
microstructure of the studied material which forces the 
crack to propagate with a tortuous path, however a 
tendency to this behaviour was detected, as illustrated in 
Figure 8, in good agreement with the predicted values. 
 

 
 

5.   CONCLUSIONS 
 

Contact damage produced by contact loading, a common 
and detrimental type of damage in advanced ceramics, 
was analysed by mean of a Finite Element study and 
experimental observations. A simple approximated 
model was developed for indentation cracks under the 
influence of indenter and uniform remote residual 
stresses, and was applied to laminated ceramic materials 
in which there is a compressive long-range residual 
stress in the surface layer. 
 
The approach chosen includes some geometrical 
approximations which showed to be not accurate in 
presence of long-range residual stresses; however a 
numerical method, with geometrical factors extracted 
from Finite Elements simulations gave results in good 
agreement with experimentally observed . The presence 
of residual stresses modified the morphology of the cone 
crack, both in length of the crack and in its propagation 
angle.  

 
 
 

ACKNOWLEDGEMENTS 
 
Work supported in part by the European Community's 
Human Potential Programme under contract HPRN-CT-
2002-00203, [SICMAC] and by the Spanish Ministry of 
Science and Education through grant MAT2005-01168. 

 
 

REFERENCES 
 

[1] Chan, H. M. "Layered Ceramics: processing and 
mechanical behaviour." Annu. Rev. Mater. Sci. 27 
(1997): 249-282 

[2] Clegg,W.J., Kendall, K. , Alford, N.M., Button, T. 
W. , and Birchall, J. D. "A simple way to make 
tough ceramics." Nature 347 (1990): 455-457 

[3] Hutchinson, J.W., and Suo, Z. "Mixed mode 
cracking in layered materials." Adv. Appl. Mech. 29 
(1992): 63-191 

[4] Ho, S. , Hillman, C., Lange, F.F., and Suo, Z. 
"Surface cracking in layers under biaxial, residual 
compressive stress." J. Am. Ceram. Soc. 78.9 
(1995): 2353-2359. 

[5] Moya, J.S. "Layered Ceramics." Adv. Mater. 7.2 
(1995): 185-189. 

[6] Guiberteau F., Padture N.P., Cai, H., Lawn, B.R. 
"A simple cyclic Hertzian test for measuring 
damage accumulation in polycristalline ceramics." 
Phil. Mag. A 68.5 (1993): 1003-1016. 

[7] Lawn, B.R. "Indentation of ceramics with spheres: 
a century after Hertz." J. Am. Ceram. Soc. 81.8 
(1998): 1977-1994. 

[8] Kocer, C., Collins, R.E. "Angle of hertzian cone 
cracks." J. Am. Ceram. Soc. 81.7 (1998): 1736-
1742. 

[9] Fett, T., Rizzi, G., Diegele, E. "Weight functions 
for cone cracks." Eng. Frac. Mech. 71.16-17 
(2004): 2551-2560. 

[10] Frank, F. C., Lawn, B. R. "On the theory of 
Hertzian fracture." (1967): 291-306. 

[11] Kocer, C. "An automated incremental finite 
element study on Hertzian cone crack growth." Fin. 
Elem. Anal. Des. 39 (2002): 639-660. 

[12] Lawn, B.R., Wiederhorn, S.M., Johnson, H.H. 
"Strength degradation of brittle surfaces: blunt 
indenters." J. Am. Ceram. Soc. 58.9-10 (1975): 
428-432. 

[13] Roberts, S.G., Lawrence, C.W., Bisrat, Y., Warren, 
P.D., Hills, D.A.. "Determination of surface 
residual stresses in brittle materials by hertzian 
indentation:theory and experiment." J. Am. Ceram. 
Soc. 82.7 (1999): 1809-1816. 

[14] Jiménez-Piqué, E., Ceseracciu, L., Chalvet, F., 
Anglada, M., de Portu, G. "Hertzian contact fatigue 
on alumina/alumina-zirconia laminated 
composites." J. Eur. Ceram. Soc. 25.15 (2005): 
3393-3401. 

[15] Fett, T., Munz, D.. "Kinked cracks and Richard 
criterion." Int. J. Fract. 115 (2002): 69-73 

[16] Zeng, K., Breder, K., Rowcliffe, D.J.. "The 
Hertzian stress field and formation of cone cracks - 
II. Determination of fracture toughness." Acta. 
Metall. Mater. 40.10 (1992): 2601-2605. 

 

Anales de Mecánica de la Fractura Vol. II (2006)

484




