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ABSTRACT 
 

A selection of results of extensive analysis of mesh sensitivity in large-deformation elastoplastic finite element (FE) 
simulations of a crack under cyclic loading is presented. Notorious mesh sensitivity, which commences at spontaneous 
shear localization, is evidenced. This is argued to be not a mere numerical artefact, but a consequence of the inherent 
bifurcating behaviour of the boundary value problem solutions, where different mesh layouts and element types could 
trigger a variety of deformation patterns near the crack tip. 

 
 

RESUMEN 
 

Se presenta una selección de resultados de un amplio análisis de sensibilidad a la malla en simulaciones mediante 
elementos finitos de grandes deformaciones en torno al extremo de una fisura bajo carga cíclica, evidenciándose una 
notoria sensibilidad a la malla que surge a partir de localizaciones espontáneas de la deformación cortante. Esto se 
interpreta no como un mero artefacto numérico sino como una consecuencia del comportamiento intrínsicamente 
bifurcante de las soluciones de problema de contorno en cuestión, cuando diversos diseños de la malla y tipos de 
elementos podrían activar una variedad de patrones de deformación cerca del extremo de la fisura. 
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1.  INTRODUCTION 
 
Several simulations of cracks in ductile materials under 
cyclic loading with account for both physical 
(material's) and geometrical (large deformations and 
strains) nonlinearities [1-6] contributed to elucidation of 
the fatigue cracking phenomenon. In particular, they 
offered visualisations of the Laird-Smith scheme of 
fatigue crack propagation by plastic blunting/re-
sharpening. Higher or lower resolutions of the near-tip 
fields along more or less lengthy loading histories and 
crack advancements were presented there. Owing to 
some differences of problem formulations and finite 
element (FE) implementations, generated results 
manifested certain conformities and disagreements. 
Concerning deformation patterns at the crack tip, the 
solution by Levkovitch et al. [2] differs from those by 
Toribio and Kharin [4-6] or Tvergaard [7] in that only 
the former one showed formation of the striations on the 
crack surface, giving apparently a better resolution of 
the Laird-Smith mechanism of "crack propagation via 
striation formation". However, Levkovitch et al. [2] 
admitted that "the results might be sensitive to the 
quality of the mesh". Considerations of the mesh 
sensitivity of large-deformation crack tip modelling 
under cyclic loading were absent in cited studies. Some 
results of extensive analysis of the mesh-sensitivity of 
large-deformation near-tip solutions are summarised in 
the present communication.  

BASIC MODELLING ISSUES 
 
Simulations were performed for a straight plane-strain 
mode I crack under small scale yielding, so that the 
stress intensity factor (SIF) KI could be the controlling 
variable. The model geometry and loading were taken 
the same as substantiated and used in previous analyses 
[4-6]: a double-edge-cracked panel under uniform 
remote tensile stress ap, where undeformed crack had 
parallel faces and semicircular tip of the width b0. 
 
Conventional J2 elastoplasticity theory, i.e., the rate-
independent strain-hardening solid with von Mises yield 
surface and associated flow rule was employed. 
Constitutive behaviour in the plastic range was guided 
by the power-law equivalent stress eq – equivalent 
plastic strain p

eq  mastercurve as follows  

 
np

eq
eq +=

0
0 1 for 0eq , (1) 

where 0 is the tensile yield point and 0 = 0.002. To 
account for Bauschinger effect which can be important 
under reversed stress-history, Ziegler's kinematic 
hardening rule was taken. For comparison, the model of 
perfectly-plastic solid was implemented for this 
prototype material taking the effective yield stress flow 
instead of the conventional one 0 as suggested by Rice  
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 (cf. [7]) for  crack tip fields under monotonic loading:  

 

n

flow E
n++=

0
0 )1)(1(

3
2

 (2) 

where E is the Young modulus and  the Poisson 
coefficient. These material models, although having 
limited capability to rationalise cyclic plasticity 
phenomena, can serve as reasonable first-order 
approximations. Model parameters were taken typical 
for high-strength steel: E = 195 GPa,  = 0.3, 0 = 1500 
MPa, n = 0.06, and b0 = 5 μm [5-6]. The simulated 
loading route was constant-amplitude zero-traction 
cycling at maximal SIF Kmax = 67 MPa m. Chosen 
material constants rendered flow = 1645 MPa. The 
simulations were usually intended to accomplish ten 
loading-unloading cycles, although mesh degeneration 
sometimes harmed the solution prematurely.  
 
Large-displacement elastoplastic FE analysis was 
performed within updated lagrangian formulation with 
additive decomposition of strain rates. The reference 
mesh layout, denoted as M1, was taken fairly the same 
as that with which the mesh-convergence was 
apparently ensured in previous simulations for elastic-
plastic solids under cyclic loading [4-6]. The smallest 
quadrilateral four-node (Q4) elements near the crack tip 
corresponded to 1/48 subdivision along half the tip 
semicircle, and their average size with the sides ae and 
be was 0046.0 bba ee = .  

Mesh sensitivity analysis was performed attending to 
the roles of element size and aspect ratio, as well as of 
the element type, i.e., its interpolation order (linear o 
quadratic), integration scheme (full or reduced) and 
shape (quadrilaterals or triangles). With regard to the 
element size, preserving constant aspect ratio of the 
near-tip Q4-elements in the close crack tip vicinity, both 
their dimensions ae and be were reduced simultaneously 
to the half and the quarter of the values corresponding to 
the layout M1. This way the element layouts M2 and 
M3, respectively, were shaped. Confining to 
quadrilateral as a generic geometry entity, four- and 
eight-node elements, Q4 and Q8, respectively, were 
tried, as well as the crossed triangles arrangement Q4T3 
(quadrilaterals built up of four linear triangular 
elements). The effects of full and reduced integration 
were explored with the former two elements. To specify 
this, corresponding suffix FI or RI will be added to FE 
identificators when required. Concerning the load 
stepping procedure of the incremental solution, the 
number of steps between load reversals was habitually 
400, although in some trials greater numbers were 
taken. The criterion of the results acceptability was as 
employed elsewhere [8]: the equivalent plastic strain 
rate dtd p

eq
p

eq /=  was checked and in each load 
increment corresponding to the time increment t its 
maximal value ( )

max
p

eq  throughout the test-piece had to 
be ( ) 002.0

max
tp

eq . 

 
 
 

 

Figure 1. Near-tip deformed meshes at KI  0.7Kmax during forward phase of the N-th load cycle in 
kinematically- and non-hardening materials (top and bottom rows, respectively) obtained using Q4FI-
element mesh layouts M1 to M3 (from left to right). 
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 2.  RESULTS 
 
As loading advances, the element-size effect on the 
near-tip deformations emerges as spontaneous strain 
localisation and accompanying waving or cornering of 
the tip profile (Fig. 1). The results for strain-hardening 
material with kinematic hardening are different for all 
mesh layouts. For perfect plasticity, mesh sensitivity 
appears surprisingly as a consequence of further mesh 
refinement after apparent achievement of the mesh-
convergence, cf. virtually identical deformation 
patterns in Fig. 1 for perfectly-plastic case obtained 
with meshes M1 and M2 vs. those obtained using the 
mesh M3. 
 
Wondering if this is peculiar for load cycling, 
monotonic loading calculations were performed with 
the meshes from M1 to M3, all them being finer than 
those employed in similar analyses elsewhere [7-10]. 
The increasing propensity to shear banding with mesh 
refinement was evidenced for kinematic hardening 
under monotonic loading, too. For perfect plasticity, 
the symptoms of shear localisation, although much 
gentler, were also detected. Apparently, shear banding 
under perfect plasticity was delayed, comparing with 
the strain-hardening case, up to higher cumulative 
plastic strains which could not be achieved in 
simulations for monotonic loading due to degeneration 
of employed meshes, but might be accumulated under 
cyclic one.  
 
These results confirm that shear localisation is a 
common occurrence in large-strain crack tip analyses 
performed (mostly for monotonic-loading up to date) 
using non-isotropic plasticity models, such as J2 
corner-theory with otherwise "isotropic" hardening 
[10], or Hill's smooth anisotropic yield function [8], or 
conventional J2 flow-theory with kinematic hardening 
employed by the present authors [5].  
 
Fig. 2 summarises the results of the extensive study of 
mesh effects. Notorious mesh sensitivity in the form of 
spurious shear localisations is evidenced using contour 
band plots of p

eq  as more sensitive detector of shear 
banding commencement than mere visualising of the 
deformed meshes. Bifurcating shear localisation may 
be considered a general trend irrespectively of the 
mesh in use, although the finer the mesh, the sharper 
and more numerous localisations it can resolve. With 
regard to the role of the FE initial aspect ratio, taking 
the layout M2 as a reference, two more meshes were 
tried each having only one of the near-tip element 
edges, the length or the width, halved with respect to 
the reference sizes. The results for kinematically-
hardening material under cyclic loading manifested 
sharper shear banding for layouts where deformed 
elements became more equilateral when approaching 

the onset of instability. As a general observation, 
among detected apparently casual shear localisations, 
the bands acquired fairly the shapes of logarithmic 
spirals-like slip line field proper to a round notch in 
rigid-plastic material [11]. Meanwhile, as far as the 
strain localisations had no place, no substantial mesh 
sensitivity of solution was detected, all results agreeing 
with available data obtained using a range of mesh 
layouts and FE types Q4 [7], Q8 [12], or Q4T3 [8-10].  
 
Although initiation of shear localisations seems to be a 
matter of mesh capability to resolve the genuine shear 
bands, these localisations , giving rise to initially small 
perturbations of the tip shape (spurious waving or 
cornering perceptible in Fig. 2), manifest later really 
unstable behaviour and severe mesh sensitivity of 
bifurcating solutions. After stain localisation 
commencement, development of near tip deformation 
usually follows spectacularly different mesh-dependent 
patterns, producing, among others, striation- or folding-
like near-tip crack surfaces (Fig. 3). 
 
3.  THE MEANING OF MESH SENSITIVITY 
 
Observed shear instabilities seem to have roots in 
common attribute of inelastic behaviours, which 
consists in their intrinsic bifurcating performance 
associated, following Hill [13] and Rice [14], with the 
loss of ellipticity of differential equations (see, e.g., 
[15,16]), and the loss of solution uniqueness as a 
consequence. Among emerging multiple solutions, 
shear banding is a possibility which competes with 
other rather homogeneous deformation modes [15]. 
This is met in rigid-plastic problems dealing with 
hyperbolic equations [11,15], and this behaviour is 
approached by elastoplastic models at plastic strains p 
large compared to elastic ones e, e/ p  0. From 
numerous investigations (see, e.g., [10,15-18]), it 
follows that  
(i) solution bifurcations are sensitive to subtle 

features of the elastoplastic constitutive 
description, in particular, every material 
anisotropy promotes spurious shear banding,  

(ii) accounting for finite deformations favours 
bifurcating strain localisations,  

(iii) these localisations turn out to be sensitive to 
changes of the loading path.  

 
Listed factors are met near the crack tip under cyclic 
loading. Then, the inherent indeterminacy of shear 
band locations, number, etc. is the attribute of such 
non-unique solutions. At the same time, however, their 
types, incipiency and trajectories may be rather well-
determined in principle, such as, e.g., the logarithmic-
spirals slip-line field near round-tip notches in rigid-
plastic material [11].  
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Figure 2. Plastic strain rate at the commencement of bifurcation in kinematically-hardening material at 
indicated SIF levels during forward (arrows up) or reverse (arrows down) phases of cyclic loading, calculated 
using meshes M1 to M3 (from left to right) and elements Q4RI, Q4T3, Q8FI and Q8RI (form top to bottom). 

 
Figure 3. Mesh sensitivity of the near-tip deformations proceeding from bifurcating shear localisations in 
kinematic-hardening solid at the end (KI = 0) of N-th cycle, from left to right: mesh M1 built with Q4FI 
elements, M2 with Q8FI, M3 with Q4T3.  
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 In succession, the incidence of intrinsically casual 
localisations must lead, and it has really led, to 
spurious mesh sensitivity in published FE analyses 
performed mostly for plain uncracked domains [16,19-
23]. The cited and the present solutions revealed strong 
sensibility to the element type and mesh layout. 
Roughly, for the same homogeneous continuum, the 
stiffer elements were less susceptible to localisations 
(cf. elements Q4FI vs. Q4T3, or Q8FI vs. Q8RI in Figs. 
1 to 3), whereas FE aspect ratio and mesh orientation 
could be crucial for shear banding in the manner that 
undeformed mesh must ascertain beforehand the shear 
band patterns yet to come in the deformed 
configuration. 
 
Exposed reasoning argues that calculated mesh-
sensitive deformations are not mere numerical 
artefacts, but reflect the inherent solution bifurcation, 
whose specific patterns may be triggered by mesh 
layout and FE technology. In published analyses of 
bifurcations from states of uniform plastic flow in plain 
test-pieces, these localisations were triggered, 
converting bifurcation possibility into reality, by 
intentional local imperfections — either by alteration 
of the straight-line test-piece geometry 
[16,18,20,22,24] or by material softening [23]. This 
latter in effect is done near the crack tip 
"unconsciously” by each particular mesh due to 
"unintentional" alterations of calculated element 
stiffnesses with respect to the "true" material one 
within chosen mesh and FE technology, such as, e.g., 
the full numerical integration alters the element 
stiffness due to loss of the exactitude its evaluation for 
non-parallelogram elements, which either initially exist 
in a mesh or emerge as a result of deformation. Such 
numerical unintentional activators of bifurcation do the 
same as intentional ones did in mentioned analyses of 
otherwise homogeneous and uniformly meshed test-
pieces, but now in rather uncontrollable manner. In 
addition, the deformed element layouts determine the 
kinematic capability of a mesh to resolve certain 
localisations prompted by the boundary-value problem 
per se.  
 
To this end, remeshing as a means to improve FE-
model performance it seems worthy of note. Indeed, 
remeshing may have strong and far-reaching 
consequences for shear instabilities, too. Since free-
surface crack tip profile provides neither firm guidance 
nor sound criterion to place the newly created mesh 
nodes during remeshing, but counting solely on some 
“reasonable” attitude, this, despite all precautions to 
preserve the solution accuracy, can break against 
spurious mesh-dependence inherent to large-
deformation elastoplastic problems. Then, small 
perturbations of the deformed tip shape in relation to 
the "best true" one in the course of remeshing, 
combined with inherent indeterminacy of bifurcations, 
can harm the solution victim to artefacts of numerical 
process.  

Therefore, although generated FE results may appear 
reasonable, e.g., agree with theoretical slip-line fields, 
the relationship between solutions of the continuum 
problem, of its FE interpolation, and the physical 
reality, is still an open question. Under solution non-
uniqueness, shear banding is a possibility, but not a 
certainty, for constitutive models lacking intrinsic 
length scale. On the other hand, shear banding in real 
materials is set by material-dependent length scales of 
microscopic slip events. To this end, intrinsically 
absent in the microstructureless continuum problems, 
length scales are present de facto in their FE 
implementations. Then, it may be tempting to assign 
the meaning of a material parameter to FE size, and the 
significance of a material unit to FE itself, which then 
must be kept constant for a given material, as it was put 
into practice elsewhere (cf. [19]). The particular 
bifurcating solution then can acquire objectivity, 
becoming a definite, favoured by a particular 
microstructure, representative one from a uniqueless 
solution set. Otherwise, generated solutions inherently 
cannot be especially meaningful in their fine details, 
being members of a multitude of possibilities, whereas 
the right choice among possible bifurcations is really 
conditioned by material microstructure.  
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