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Avda. Juan de Herrera 4, 28040 Madrid, España.

*Corresponding author: jaime.planas@upm.es

RESUMEN

Este artı́culo compara dos familias muy relacionadas de implementaciones numéricas de la iniciación, localización y
crecimiento de grietas en materiales cuasi-frágiles, llamadas, respectivamente, de fisura distribuida y de fisura embebida
con cinemática de discontinuidad fuerte. Ambas aproximaciones se basan en el modelo clásico de fisura cohesiva y
usan elementos finitos lineales con deformaciones mejoradas supuestas. En primer lugar, se presenta la formulación
matemática de las deformaciones mejoradas, las dos formulaciones se comparan entre sı́ y se establece una formulación
unificada. Ambas aproximaciones son estrictamente locales y comparten el mismo modelo cohesivo de base. Para facilitar
la comparación, el análisis se limita a casos bidimensionales. Los dos modelos se aplican a elementos estructurales
idealizados sin grandes concentraciones de tensiones: una viga (sin entalla) sometida a flexión en tres puntos, y una
losa con retracción. El artı́culo presenta resultados numéricos de dichas simulaciones que indican que los elementos con
cinemática de discontinuidad fuerte describen mejor la localización espontánea de grietas en ese tipo de estructuras, a
pesar de que sus predicciones hasta carga máxima son similares para probetas entalladas.

PALABRAS CLAVE: Fisura cohesiva, Fisura embebida, Fisura distribuida, Material cuasi-frágil

ABSTRACT

This paper compares two close families of numerical implementations of crack initiation, localization and growth in
quasi-brittle materials, so called, respectively, smeared crack and embedded crack with strong discontinuity kinematics.
Both approaches are based on the classical cohesive crack model, and use linear elements with enhanced assumed strains.
The mathematical formulation of the enhanced strains is first introduced and compared to each other, together with the
resulting unified formulation. To facilitate the comparison, only two-dimensional linear elements with enhanced assumed
strains are considered in this work and their formulation is briefly described for each of the models. Both approaches are
computationally strictly local and share the same underlying cohesive model. The two models are applied to idealized
structural elements lacking strong stress concentrations: an unnotched three point bent beam, and a shrinking slab. The
paper reports numerical results for those computations which show that the elements with strong discontinuity kinematics
provide a superior performance to describe spontaneous crack localization in this kind of structures even though their
performance is similar for notched specimens up to the peak-load.
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1 INTRODUCTION

Following the introduction of the fictitious or cohesive
crack model for the fracture of concrete in the mid and
late 1970s [1], the smeared crack model was developed in
the mid 1980s to deal with cracks in concrete structures
using standard finite element methods [2, 3] in a way sim-
ilar, but not identical, to the coetaneous crack band model
[4]. These apparently different approaches to quasibrittle
fracture can be viewed, in their numerical side, as dif-
ferent implementations of an underlying cohesive crack

model as done, e.g., in [5, 6]. Since then, many alter-
native approximations have been set to deal numerically
with crack propagation in quasibrittle materials, whose
review is well outside the scope of this paper. It will be
enough to say that the numerical framework for the anal-
ysis that follows is that of finite elements with embedded
cracks which were thoroughly analyzed by Jirásek [7].

Since it is difficult to find a finite element code in which
both the smeared approach an the so called embedded
crack with strong singularity kinematics can be compared
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Figure 1. Cohesive crack model.

without spurious influences coming from using different
algorithms, the present work intends to set a unified frame-
work to compare both approaches in a unified way, and
present the first results of such comparison. Section 2 de-
scribes the background required to follow the work; Sec-
tion 3 presents the basic equation for the smeared crack
approach and sets the unified model; Section 4 describes
the main results and discusses the essential differences
for two relatively simple quasibrittle structures; and Sec-
tion 5 closes the paper with the main conclusions.

2 BACKGROUND

2.1 Cohesive crack model

The cohesive crack model is adopted in this work to de-
scribe initiation and growth of cracks in a quasibrittle ma-
terial [1, 5, 6, 8, 9]. Essentially, the model assumes that
the material outside the crack surface (the bulk) remains
linear elastic all the time; a crack forms at any given point
if the maximum principal stress σ1 reaches the tensile
strength ft of the material, and does so along a surface
locally normal to the maximum principal stress direction.
For pure monotonic opening mode (mode I), the model
assumes that the (normal) traction σ is a function of the
(normal) crack opening w, i.e.:

σ = f(w) (1)

For general purpose computations, we need a fully vec-
torial model relating the traction vector t to the crack
opening vector w and able to simulate crack closure and
reopening, i.e., to accept unloading and reloading. The
simplest model satisfying these constraints, we believe,
is that presented in [10], which, as sketched in Fig. 1, as-
sumes that: (1) the cohesive forces are central, i.e., t and
w are collinear (this was initially just a convenient as-
sumption, but nowadays is known to be a fundamental re-
quirement for the cohesive model to be frame-indifferent
[11]); and (2) that unloading-reloading is straight to the
origin. With this, the full cohesive crack law can be writ-
ten as

t = f(w̃)
w

w̃
, w̃ = max[|w|] (2)

n

t
w
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Figure 2. Embedded crack model.

2.2 An embedded crack model with strong
discontinuity kinematics

Figure 2 displays the main ingredients of the numerical
and conceptual model used in the computations [10]. The
finite elements are constant strain triangles with an em-
bedded cohesive crack. Strong discontinuity kinematics
is imposed, which means, as shown in the figure, that the
crack cuts only two sides of the element and, therefore,
the inelastic strain of the side AB is zero: this is the main
difference with respect to the traditional smeared crack
approach as discussed later. The corresponding equation
for the small strain tensor can be shown to be the follow-
ing [10]:

εc = εa −
(
w⊗b+

)S
, (3)

where εc is the strain in the continuum (the bulk), εa is
the apparent strain (the strain computed from the nodal
displacements and the shape functions of the elements,
see the dashed line triangle in figure 2). The crack dis-
placement vector w and the vector b+ are also shown
in Fig 2. Superindex S indicates symmetric part of the
tensor affected by it.

Other essential features of the model are as follows: (1)
the crack is required to satisfy local equilibrium, which
implies that its exact position in the element is not re-
quired; (2) the computations are strictly local, i.e., no
crack tracking algorithm is needed, the orientation of the
crack in the element and the corresponding solitary node
are determined based only on the current nodal displace-
ments in the corresponding element. However, two strictly
numerical features are used to avoid crack locking: (3)
the initial elastic stiffness matrix is used for the element
throughout the computation, and (4) the crack in the ele-
ment is allowed to reorient itself following the principal
stress rotations while its crack opening is small compared
to w1 (this is called limited crack adaptability).

Feature (3) implies a large number of iterations (but these
are very fast because back substitution is all is needed
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in each iteration), which turns out to be a virtue when
combined with feature (4) since the cracks are given more
opportunities to adopt the right orientation (or even get
closed), while seeking for convergence, in a kind of self-
annealing process.

3 SMEARED AND UNIFIED APPROACH

3.1 Smeared crack formulation

To be specific, we consider a crack model, given by its
traction versus crack opening relationship, and consider
its continuum stress-strain equivalent when one assumes
the crack opening to be uniformly distributed in a band
of a certain width as discussed in [5], and [6](Chapter 8).
When dimension of the band and the projected dimension
of the element coincide, as shown in Fig. 3, the relation-
ship between the continuum strain tensor and the appar-
ent strain is as follows:

εc = εa −
(
w

hp
⊗n
)S

, (4)

in which it is obvious that we assume that the total crack
opening w is uniformly smeared over the element. In
this respect note that, as clearly shown by the figure, in
this formulation the three sides of the element undergo
inelastic displacement, contrary to what happens for the
strong discontinuity kinematics.

s
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∆w
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n
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Figure 3. Smeared crack model (adapted from [6]).

3.2 Unified formulation

Comparison of equations (3) and (4) immediately reveal
that they are amenable to a common form, namely:

εc = εa − (w⊗m)
S
, (5)

where m is a director vector with dimensions equal to
the inverse of a length (similar to a wave vector, thus, or
a gradient of a dimensionless function). Then, the two
foregoing models can be merged in a unique formulation
in which m is given by

m =


b+ for strong discontinuity
n

hp
for smeared crack (6)

Therefore, given a computer program that handles any of
the two approaches, it is possible to use it for the other if

a routine is provided to compute the appropriate values of
m. This gives a method to compare the influence of the
assumed kinematics without spurious side-effects arising
from other algorithms in the program.

It is worth noting that, for isotropic linear elasticity, the
apparent strain tensor and the stress tensor given by Eq. (5)
are not coaxial in general. Coaxiality can only be guar-
anteed for fully rotating smeared crack model, in which
n is a principal direction, and, moreover, w,m and n are
collinear vectors. Only in that case the tangent stiffness
matrix is symmetric.

In the following we present and discuss numerical results
for two relatively simple structures when the two forego-
ing kinematics are used without any other change in the
numerical algorithms.

4 COMPARISON FOR SIMPLE CASES

The function to compute m as a function of the geometry
of the element (position of the nodes), of the orientation
of the crack n and of the assumed kinematics, Eq. (6)1
and Eq. (6)2 has been implemented in the program de-
veloped by the authors, and two simulations were run,
one for a three-point bend beam (TPB) and another for a
shrinking slab.

In these simulations all the computational settings were
the same for the two kinematical models. In particu-
lar, a concrete was assumed with elastic parameters E =
30GPa, ν = 0.17, tensile strength ft = 3.0MPa and a
linear softening with a characteristic crack opening w1 =
0.030mm (see shaded area in Fig. 1).

The adaptation factor for the cracks was taken to be 0.2,
which means that the crack is free to rotate (adapt itself
to the instantaneous stress field) while w̃ < 0.2w1 =
6.0µm.

4.1 Three-point bend beam

Figure 4 shows the geometry of the beam, and the cor-
responding mesh obtained using the finite element mesh
generator GMSH [12] which was run with default set-
tings. The calculations were run controlling the mid-span
stretch wB defined in Fig. 4. A total stretch of 0.1 mm
was applied in 100 equally sized steps.

Figure 5 shows the plots of the load per unit thickness
versus the stretch. The two curves are identical in the
elastic range —as it should be— and differ only slightly
up to the peak and in the near post-peak, but their differ-
ence increases strongly in the far post peak. The load for
the smeared crack kinematics is, roughly, twice the load
for the model with strong discontinuity kinematics at the
end of the simulation.
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Figure 4. Geometry and FE mesh for TPB simulation.
(2196 nodes, 4290 elements, D = 100mm.)

Figure 5. Load (P/B) vs. mid-span stretch (wB) in TPB.

4.2 Shrinking slab

The second analysis corresponds to the slab sketched in
Fig. 6, with a dephD = 100mm and a length of 1m. It is
assumed to be bonded to a rigid substrate and connected
through rolling supports to the vertical walls at the end. A
parabolic shrinkage profile is assumed and simulated us-
ing a virtual temperature field and a fictitious coefficient
of linear thermal expansion. The shape of the profile is
fixed and the nominal shrinkage stress at the surface is in-
creased from 0 to 3ft(= 9MPa) in 30 steps, correspond-
ing to free shrinkage strains εs = −3ft/E. The slab
was meshed using GMSH with a nominally uniform un-
structured mesh which comprised 3558 nodes and 7116
elements

Figure 7 shows a sequence of selected snapshots of the
evolution of cracking for the case of strong discontinu-
ity kinematics. The scales for the stress level and for
the crack opening is the same in all figures. The maxi-
mum principal stress in each element is represented by a
grayscale shadowing, with black representing the tensile
strength of the material (3 MPa) and white zero tensile

RIGID     SUBSTRATE

D
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D

D/2

σ

Figure 6. Sketch of the geometry of the slab, and of the
nominal shrinkage stress profile

stress (the maximum stress may be negative in the white
areas). The cracked elements are represented in a blue
scale ranging from cyan –––cracks with opening less tan
6.25µm— to dark blue, for crack openings up to 50µm.

Proceeding from top to bottom we see first that, at step
13, most of the elements of the top surface are cracked,
forming a band of rather uniform thickness, and the stress
field is independent of the position along the horizontal
axis. Next, at step 16, crack localization is already visi-
ble: cracked zones become sparser and vertical columns
of 5, 6 or more cracked elements become clearly visible.
In the third snapshot, for step 19, 8 dominant cracks are
seen, with shorter cracks between them; note that only a
few elements at the mouth of the dominant cracks have
an opening exceeding 6.25µm . In the next snapshot, at
step 23, the shorter cracks have almost disappeared (they
were not consolidated) and the 8 dominant cracks start to
interact appreciably with the substrate, as shown by the
arrows that represent the nodal reactions. Finally, at step
30, 4 cracks have extended to become dominant while
the other cracks keep their previous length or are slightly
in recession; at this stage the interaction of the dominant
cracks with the substrate is strong, and a bulb of slightly
cracked elements has formed at the crack tip (this effect
appears when the crack tip gets close to the compression
zone ahead of it).

Figure 8 shows a similar sequence of snapshots for the
case of smeared crack kinematics, with identical scales,
conventions and steps as for the previous figure.

Although, roughly speaking, the sequence of localization
is similar, clear differences can be seen that, overall, in-
dicate that the process is less ‘sharp’ than before. First,
for the top image, step 13, a compact layer of cracked el-
ements is found: all the elements with nodes on the top
surface are cracked. In step 16, a few localized cracks
may be seen, but relatively large compact areas of cracked
elements subsist. In steps 19 and 23, the distribution of
dominant cracks is uneven as compared to the previous
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Figure 7. Snapshots of the crack evolution in the slab for the model with strong discontinuity kinematics. From top to
bottom: steps 13, 16, 19, 23 and 30 (corresponding to σS = 1.3, 1.6, 1.9, 2.3 and 3ft).

Figure 8. Snapshots of the crack evolution in the slab for the model with smeared crack kinematics. From top to bottom:
steps 13, 16, 19, 23 and 30 (corresponding to σS = 1.3, 1.6, 1.9, 2.3 and 3ft).
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results for strong discontinuity, and, most importantly,
the dominant cracks are less sharp, and temporal bifur-
cations are visible that make the cracks to take the ap-
pearance of growing plants. In the last image, for step
30, five dominant cracks remain with, still, a clear efflo-
rescent appearance.

5 CONCLUSIONS

From the foregoing theoretical and numerical results we
can draw the following conclusions:

1. A framework exists, given by Eqs. (5) and (6), which
allows to compare the influence of the assumed el-
ement kinematics in the results of the computations
without spurious influences from other sources, since
all the numerical algorithms are the same except
the expression for the director m as defined in (6).

2. The numerical results show a clear trend in favor
of the strong discontinuity kinematics when the far
post-peak response is concerned, as well as when
we require sharp localization properties and ‘clean’
crack-path definition.

3. The growing-plant appearance of the sets of con-
tiguous cracked elements that materialize a macro-
crack, when the smeared crack approach is used,
suggest that the origin of such behavior may lay
in the fact that in that approach all three sides of
an element are affected by inelastic displacements,
while this is not the case when the strong disconti-
nuity kinematics is assumed, as pointed out before
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