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RESUMEN

El algoritmo eigensoftening, como mejora de la metodologı́a eigenerosion para materiales cuasi-frágiles, ha sido validada
para hormigón con el ensayo de flexión en tres puntos con carga de impacto. Los resultados obtenidos sugieren la ido-
neidad de dicha metodologı́a para el caso del mecanismo de fractura en modo mixto. El objetivo de esta investigación
es la validación de la metodologı́a propuesta para un rango mayor de problemas. En primer lugar, se modela una confi-
guración diferente de la geometrı́a para capturar diferentes patrones de fisuración debido al mecanismo de modo mixto.
La comparación con los resultados experimentales nos permite verificar el funcionamiento del código numérico para este
tipo de problemas. Por otro lado, se estudian diferentes curvas de ablandamiento para extender la metodologı́a propuesta
a diferentes comportamientos.

ABSTRACT

The eigensoftening algorithm, as an improvement of the eigenerosion methodology for quasi-brittle materials, has been
validated for concrete in the three-point bending test under impact load. The obtained results suggest the suitability of
such a methodology in the case of the mode-one fracture mechanism. The aim of this research is the further validation
of the proposed algorithm. First of all, a different configuration of the geometry is modeled in order to capture different
crack patterns due to the mixed-mode mechanism. The comparison against experimental results allows us to verify the
performance of the numerical code for this type of problem. On the other hand, different softening curves are studied in
order to extend the proposed methodology to different behaviors.
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1. INTRODUCTION

The modeling of the fracture in concrete is an important
feature of the computational methods along the years.
This problem is more challenging when the the crack is
not predefined, what happens for example in the mixed-
mode three point bending test. One of the main points
of interest of the eigensoftening methodology develo-
ped by Navas et al. [1] is the absence of predefined lo-
cation of cracks, being able to simulate any crack pat-
tern. This methodology was validated with the traditional
three-point bending test under impact loading with exce-
llent results.

In this research we seek the further validation of the pro-
posed algorithm with a different configuration of the geo-
metry in order to capture different crack patterns due to
the mixed-mode mechanism and the assessment of dif-
ferent cohesive laws. The validation agains experimental
results obtained by Almeida et al. [2] is also carried out.

In Section 2 the experimental observations are described.
In Section 3 the equations that govern the physics of the
problem are illustrated. Section 4 will provide the dis-

cussion of the computational results and Section 5 will
present the conclusion of this research.

2. EXPERIMENTAL OBSERVATIONS

Figura 1: The drop-weight machine designed at the Labo-
ratory of Materials and Structures, University of Castilla-
La Mancha and the mixed-mode specimen.
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In order to further explore the capacities of the develo-
ped eigensoftening algorithm, the experimental results on
mixed-mode fracture [2] are modeled. The same drop-
weight impact instrument employed for the mode-I ca-
se [3] (see Fig. 1), designed and constructed in the La-
boratory of Materials and Structures at the University of
Castilla-La Mancha, is utilized in the assessment of the
mix-mode crack pattern. Three-point bending tests on
notched beams are studied, in this case the notch is lo-
cated with an offset of a quarter span from the middle
section, see Fig. 2. An impact hammer of 120.6 kg was
employed to drop from two different heights, 360 and
160 mm with the corresponding impact speeds of 2640
and 1760 mm/s respectively. The impact force is measu-
red by a piezoelectric force sensor and the reaction for-
ce is determined by two force sensors located between
the support and the specimen. The beam dimensions we-
re 100 mm×100 mm (B×D) in cross section, and 400
mm in total length, L. The initial notch-depth ratio was
approximately 0.5, and the span, S, was fixed at 333 mm.
The whole specimen geometry is given in Fig. 2.
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Figura 2: Geometry and dimension of the beam (in mm).

The material was characterized with independent tests
and the measured material properties, such as the com-
pressive strength, fc=31.6 MPa, the tensile strength,
ft=3.1 MPa, the specific fracture energy, GF = 87 N/m,
the elastic modulus, E=18.5 GPa and the Poisson’s ra-
tio, 0.17. The material density, ρ is of 2310 kg/m3. The
maximum aggregate size, d, is 12 mm.

3. THE NUMERICAL METHODOLOGY

For completeness, we summarize the basics of the OTM
scheme and the eigensoftening algorithm to treat fracture
within the meshfree framework.

3.1. The OTM scheme

In this work the Optimal Transportation Meshfree (OTM)
method [4] is employed in order to discretize the pro-
blem. It is a meshfree updated Lagrangian numerical
scheme that combines concepts from Optimal Transpor-
tation theory with a material-point method based on the

local max-ent meshfree approximation [5]. Previous va-
lidations of the eigensoftening algorithm were made th-
rough the OTM calculation with excellent results thanks
to its numerous advantages when the problems involve
dynamic deformation and failure of materials with ro-
bustness and stability.

The local max-ent approximation scheme defined by
Arroyo and Ortiz [5] is employed for the deformation and
velocity fields since differentiation is required for both.
The employed local max-ent function (LME), as a Pareto
set, is optimal for β ∈ (0,∞). It is obtained as:

Na(x) =
exp

[
−β |x− xa|2 + λ∗ · (x− xa)

]
Z(x,λ∗(x))

, (1)

where

Z(x,λ) =

n∑
a=1

exp
[
−β |x− xa|2 + λ · (x− xa)

]
, (2)

being λ∗(x) the unique minimizer for logZ(x,λ). The
parameter β is related with the discretization size (or no-
dal spacing), h, and the constant, γ, which controls the
locality of the shape functions in the form β = γ

h2 . In our
case, since a smooth nodal spacing in defined, β is almost
constant and thus the first derivatives can be obtained by
employing the following expression:

∇N∗a = −N∗a (J∗)−1 (x− xa), (3)

where J is the Hessian matrix, defined by:

J(x,λ, β) =
∂r
∂λ

(4)

r(x,λ, β) ≡ ∂λlogZ(x,λ)

=
∑
a

Na(x,λ, β) (x− xa) (5)

Note that the objective of the above procedure is to find
the λ which minimizes logZ(x,λ). This unconstrai-
ned minimization problem with a strictly convex objec-
tive function can be solved efficiently and robustly by a
combination of the Newton-Raphson method and Nelder-
Mead Simplex algorithm [6, 5].

Two sets of points, namely, nodal points and material
points are defined. In calculations, the max-ent shape fun-
ctions are reconstructed continuously from the nodal set,
which changes in every step by adapting to the displace-
ments of the nodes. This overcomes the essential difficul-
ties that arise in fixed grid-based numerical schemes like
Lagrangian and Eulerian finite element methods. Mate-
rial points result from the spatial approximation of the
mass densities ρh,k(x) by M mass points

ρh,k(x) =
M∑
p=1

mpδ(x− xp,k) (6)

where xp,k represents the position at time tk of mate-
rial point p, mp is the mass of the material point and
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δ(x−xp,k) is the Dirac-delta distribution centred at xp,k.
Material points designate fix material points of the body,
are convected by the deformation, carry a fixed volume
and mass, serve the purpose of integration points for the
calculation of the effective nodal forces and masses, and
store all local state data. The spatial discretization is com-
pleted by approximating the deformation mapping as

ϕh,k→k+1(x) =
N∑
a=1

xa,k+1Na,k(x) (7)

where xa,k+1 is the position at time tk+1 of node a, and
Na,k(x) are max-ent shape functions defined over the
configuration at time tk. The interpolation at a material
point xp,k depends only on the nodes contained in a small
local neighborhood Np,k of the material point. This re-
construction of the local neighborhoods leads to a new
reconnection of the material points and the nodal set.

3.2. Eigenerosion algorithm

Within the context of OTM formulation, fracture can be
modeled simply by failing material points according to
an energy-release criterion. When the material points are
completely failed, they are neglected from the compu-
tation of stresses in the model, which approximates the
presence of cracks, this is the so-called eigen-erosion al-
gorithm developed by Pandolfi et al. [7]. However, the
quasi-brittle behavior, which is typical of concrete, shows
a softening process after the initiation of the crack. Thus,
the eigensoftening algorithm [1] is capable to reproduce
this behavior with a damage law.

Its implementation is based on a strength criterion for
the crack initiation subsequently followed by a softening
law. For the stress measurement, the maximum principal
stress theory is considered for brittle fracture at time tk+1

for the material point q. Consequently, the definition of an
equivalent critical stress at the material point xp,k+1 for a
Bε neighborhood can be calculated as follows

σεp =
1

mp

∑
xq∈Bε(xp)

mqσq,1 (8)

where

mp =
∑

xq∈Bε(xp)

mq. (9)

The concept of the Bε neighborhood was first introdu-
ced by Schmidt et al. [8] for the definition of eigendefor-
mations and posteriorly utilized for the eigenerosion al-
gorithm by Pandolfi and Ortiz [7]. In this neighborhood,
seen in Fig. 3, the material points involved in the fracture
process are located.

2Є

Crack

Figura 3: Scheme of a crack (black dots) as set of failed
material points, and of the ε-neighborhood.

The softening process is governed by the crack opening,
often termed as cohesive law. For the eigensoftening al-
gorithm, a length scale, hε is defined, being the reference
value between two and four times the maximum size of
the aggregates for concrete (see Bažant [9]). The effective
fracture strain, εεf , defined as the difference between the
strain at crack initiation, ε1(xp,0), and the current strain,
ε1(xp,k+1), for material point p, can be represented as the
relationship between the current crack opening displace-
ment, w and the band width, hε:

εεf = ε1(xp,k+1)− ε1(xp,0) =
w

hε
. (10)

In this work, two different damage curves are proposed,
depending on the number of branches of the cohesive law,
i.e. one (linear) or two (bilinear). The definition of the
remanent stress σt and the damage χ depending on the
crack openingw is defined following for the two different
laws: For a linear softening relation, we have

σ(w) = ft

(
1− w

αwc

)
χ(w) =

hεεεf
αwc

where wc the critical opening displacement of the base
concrete, calculated as wc = 2GF /ft. For a bilinear re-
lation, we have

σ(w) =

{
fk + (ft − fk)

(
1− w

wk

)
w ∈ [0, wk]

fk
αwc−w
αwc−wk w ∈ [wk, αwc]

χ(w) =


(
1− fk

ft

)
hεεεf
wk

w ∈ [0, wk]

1− fk
ft

(
αwc−hεεεf
αwc−wk

)
w ∈ [wk, αwc]

where fk and wk the stress and opening displacement
at the inflection point of the bilinear curve. Parameter α
allows us to enlarge the softening curve to represent the
failure behavior of a FRC. The shape of this two different
laws is plotted in Fig. 4.
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Figura 4: Scheme of linear and bilinear softening curves.

If we define the amplification factor for the specific frac-
ture energy of the FRC with respect to that of the base
concrete as η, the area below the bilinear relation curve
should be ηGF , i.e.

1

2
(ft + fk)wk +

1

2
fk(αwc − wk) =

1

2
ηftwc (11)

By normalizing the stress terms with ft, the crack ope-
ning displacements with wch = GF /ft, i.e.,

w∗c =
wc
wch

= wc
ft
GF

, w∗k =
wk
wch

, f∗k =
fk
ft
. (12)

Consequently, Eq. (11) can be simplified as

w∗k + 2αf∗k = 2η. (13)

Define c = w∗k/(1−f∗k ), 1/c being the slope of the curve,
Eq. (13) becomes

c(1− f∗k ) + 2αf∗k = 2η. (14)

It needs to be pointed out that when a material point is
totally eroded its contribution to the internal force vector
and to the material stiffness matrix is set to zero, but its
contribution to the mass matrix is maintained, being only
discarded when it is not connected to any nodes.

4. NUMERICAL RESULTS AND DISCUSSION

The aforementioned methodology is applied within this
section in order to simulate the dynamic fracture propaga-
tion in a three-point bend beam with a notch located in the
middle of the semi-span impacted by a drop-weight de-
vice. Both the projectile (the hammer) and the target (the
concrete beam) are explicitly represented. The results are
obtained by using a plain strain code within a 2D mesh
with a discretization of 2001 nodes, 3744 material points,
and a nodal spacing of approximately 2 mm between the
notch tip and the impact point. 4 mm is the nodal spacing

between the impact point and the middle section at the
bottom of the beam. These two locations were the ones
where the crack happened experimentally. Only the fas-
test velocity, 2640 mm/s, appears in this study.

First we validate the computations with the load-line dis-
placement against their experimental counterpart. Next,
the reaction forces for different cohesive laws are depic-
ted. Finally, the crack front evolution for these cases is
compared with the observed one in the laboratory.
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Figura 5: Comparison between experimental and compu-
tational impact-line displacement.

4.1. Load-line displacement

The recorded impact-line displacement contrasted with
the numerical one is correctly captured for both studied
velocities. In Fig. 5 only the linear case is plotted since no
differences are found between this and the bilinear ones.
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Figura 6: Comparison between the experimental reaction
measured and different reaction forces obtained with li-
near and bilinear eigensoftening laws.
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4.2. Reaction forces

Following the reaction forces recorded in the test are
compared to the obtained with the proposed methodo-
logy. Two different sets of results are shown in Fig.6. The
first one, depicted in blue, represents the results of the
linear case, with different values of η. The ones that fit
better with the experiments are η equal to 1.0 and 1.5. It
is normal, since η = 1 represents the plain concrete.

The second set of curves, in red, involves the bilinear ca-
ses. Again, the closest are the parameters to the plain con-
crete (η = 1, c=2), the better is the fitting.
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Figura 7: Comparison of the crack observed experimen-
tally and the obtained with: a) linear cohesive laws; b)
Bilinear cohesive laws.

4.3. Crack propagation

The study is not complete if we do not pay attention to the
crack propagation, since two different laws may give si-
milar reaction peaks but different crack patterns. In Fig. 7
the crack observed experimentally is compared with the
ones obtained with the different cohesive laws depicted in
Fig.6, either linear or bilinear. It can be seen that the clo-
sest crack patterns to the test are obtained with the linear
laws, being the curves with η = 1 and 1.5, the ones clo-
se to the behavior of the plain concrete, the most similar
to the experimental test. Thus, we can conclude that the
plain concrete can be simulated with a linear law defined
by the fracture energy, GF , and the tensile strength, ft,
without any other treatment.

It is very interesting that the for studied geometry two dif-
ferent cracks grow at the same time. Different locations
of the notch are also explored. Note that seeing that the
vertical crack is prominent when the notch is far from the
middle of the span, meanwhile the shear crack is more
important when the notch gets closer to the center of the
beam. Details are depicted in Fig. 8.
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Figura 8: Crack patterns obtained with different locations
of the notch

5. CONCLUSIONS AND FUTURE WORK

We have applied the Optimal Transportation Meshfree
scheme and the eigensoftening algorithm to simulate the
dynamic mixed-mode fracture propagation in fiber rein-
forced concrete. Different cohesive laws, linear and bili-
near, are employed within this research. The results (reac-
tion forces and crack patterns) of the closest ones are de-
picted, showing that the linear one and the bilinear with
a very small variation from the linear one are suitable to
model the plain concrete failure. Higher values of dimen-
sionless parameters c, η and α are necessary to capture
the typical behavior of the fiber-reinforced concrete.
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