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RESUMEN 

 

El criterio de la máxima tensión tangencial (MTT) es usado tradicionalmente para la evaluación de la curva de resistencia 

a la fractura y el ángulo de iniciación de la grieta bajo el modo combinado I/II. En la aplicación del criterio MTT, se usan 

los valores del factor intensidad de tensión (FIT) para los modos I y II. Sin embargo, los materiales de hormigón están 

compuestos de una matriz y agregados de diferentes tamanos. Dicho tamano, podría tener influencia en el ángulo de 

iniciación de la grieta en modo combinado I/II. En este escrito, se usa el criterio generalizado de la máxima tensión 

tangencial (MTTG) para investigar la influencia de la selección de la distancia crítica en el ángulo de iniciación de la 

grieta para hormigón C 50/60. Varios radios críticos son investigados (las longitudes son seleccionadas en base al tamano 

de la zona solicitada y al máximo tamaňo del agregado grueso y fino). Los resultados numéricos obtenidos son debatidos 

y contrastados con los resultados experimentales. Los resultados esperados del criterio MTTG para una distancia elegida 

apropiada en diferentes condiciones de modo combinado muestran un buen comportamiento comparados con los 

experimentales. 

 

PALABRAS CLAVE: Disco Brasileno, Hormigón, fracture, criterio MTT, criterio MTTG, angulo de grieta, factor 

intensidad de tensiones. 

 

ABSTRACT 

 

The maximum tangential stress (MTS) criterion is traditionally used for evaluation of fracture resistance curve and crack 

initiation angle under mixed mode I/II. In the application of MTS criterion, values of stress intensity factors (SIF) for 

mode I and II are used. However, the concrete materials consist of matrix and various aggregate sizes, the aggregate size 

could have influence on the crack initiation angle under the mixed mode I/II. In this paper, a generalized maximum 

tangential stress (GMTS) criterion is used to investigate the influence of selection of critical distance on the crack 

initiation angle for concrete C 50/60. Various critical radiuses are investigated (the lengths are selected based on the size 

of the process zone and on the maximum size of coarse and fine aggregate). The numerically obtained results are discussed 

and compared with experimental results. The predicted results of GMTS criterion for a suitably chosen distance in 

different mixed mode conditions show good agreement with the available experimental ones. 
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1.  INTRODUCTION 

 

Different criteria [1],[2],[3],[4] have been presented for 

the prediction of the initiation angle of crack growth 

under in-plane loading (mixed modes I and II). Most of 

these criteria predict one specific angle of crack growth 

which is independent from material properties for every 

mode ratio. The general investigation of such phenomena 

was done on centrally cracked tension (CCT) specimen 

in [5] and for triaxial mixed mode in [6]. CCT specimen 

has no practical use for testing concrete, however by 

examining the experimental results obtained from 

Brazilian disc (BD) test [7][8][9] it seems that the angle 

of crack growth under mixed mode conditions is affected 

by mechanical properties of the material. Conventionally 

used maximum tangential stress (MTS) criterion for 

prediction of fracture under the mixed mode uses only the 

stress intensity factors (SIF) for mode I and II. The 

generalized maximum tangential stress (GMTS) criterion 

uses more additional parameters such the T-stress and the 

critical distance rc. Especially the selection of critical 

distance rc [9] could have a dominant influence on the 

prediction of the fracture under the mixed mode I/II load 

conditions for materials like concrete. 

The aim of the contribution is to postulate values of 

critical distances for concrete C50/60. First, the effect of 

rc on crack initiation angle is studied analytically. It is 

shown that the critical distance has a significant influence 

on the estimation of crack initiation angle especially 

when KI approaches zero. The proposed rc is then 
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validated by using experimental results. The GMTS 

predictions are also compared with the conventional 

MTS criterion.  

 

2. THEORETICAL BACKGOUND 

2.1. FRACTURE MECHANICS 

 

This contribution is based on a two-parameter linear 

elastic fracture mechanics. The two-parameter linear 

elastic fracture mechanics concept uses the stress field in 

the close vicinity of the crack tip described by Williams 

expansion [10]. This expansion is an infinite power series 

originally derived for a homogenous elastic isotropic 

cracked body, which can be described by a following 

equation: 

 

𝜎𝑖,𝑗 =
𝐾𝐼

√2𝜋𝑟
𝑓𝑖,𝑗

𝐼 (𝜃) +
𝐾𝐼𝐼

√2𝜋𝑟
𝑓𝑖,𝑗

𝐼𝐼(𝜃) + 𝑇 + 𝑂𝑖,𝑗(𝑟, 𝜃),  (1) 

 

where ij represents the stress tensor components, KI, KII 

are the stress intensity factors for mode I and II, 

respectively, 𝑓𝑖,𝑗
𝐼 (𝜃), 𝑓𝑖,𝑗

𝐼𝐼(𝜃) are known shape functions 

for mode I and mode II (in some references written as YI 

and YII, [7][13]), T (or T-stress) represents the second 

term independent on r (note that for mode II it is zero, see 

[11]), Oij represents higher order terms and r,  are the 

polar coordinates (with origin at the crack tip; crack faces 

lie along the x-axis).  

The values of the SIF could be calculated from following 

equations that were obtain from numerical analysis of  

BD specimen, see [8] and the polar angle  = 0° can be 

expressed in the following form: 

 

𝐾𝐼 =
𝑃√𝑎

𝑅𝐵√𝜋

1

√1−
𝑎

𝑅

𝑌𝐼(𝑎/𝑅, 𝛼), (2) 

 

𝐾𝐼𝐼 =
𝑃√𝑎

𝑅𝐵√𝜋

1

√1−
𝑎

𝑅

𝑌𝐼𝐼(𝑎/𝑅, 𝛼), (3) 

 

where P is compressive load, a is a crack length, R is 

radius of the disc (D/2), B is disc thickness,  is 

inclination angle and YI(a/R,), YII(a/R,) are 

dimensionless shape functions for mode I and mode II. 

The shape functions from pure mode I to pure mode II 

can be found in [8] for the ratio a/R = 0.4 for inclination 

angles  <0°; 25.25°>. 

 

2.2. INITIATION ANGLE 

 

According to the MTS [12] and GMTS [13] criterion the 

brittle fracture takes place radially from the crack tip and 

perpendicular to the direction of maximum tangential 

stress 0 and crack growth initiates when the tangential 

stress  reaches its maximum (critical value) c. The 

tangential stress around the crack tip can be expressed as: 

 

𝜎𝜃𝜃 =
1

√2𝜋𝑟
𝑐𝑜𝑠

𝜃

2
[𝐾𝐼 𝑐𝑜𝑠2 𝜃

2
−

3

2
𝐾𝐼𝐼 𝑠𝑖𝑛 𝜃] + 𝑇 𝑠𝑖𝑛2 𝜃 +

𝑂(𝑟1/2), (4) 

 
Maximum value of tangential stress for both MTS and 

GMTS criterions can be expressed in following form: 

 
𝜕𝜎𝜃𝜃

𝜕𝜃
|𝜃=𝜃0

= 0,   
𝜕2𝜎𝜃𝜃

𝜕2𝜃
< 0 (5) 

 
According MTS and GMTS criterions, the brittle fracture 

occurs when: 

 

𝜎𝜃𝜃(𝑟𝑐 , 𝜃0) = 𝜎𝜃𝜃𝑐, (6) 

 

By substituting the initiation angle 0 calculated from Eq. 

(5) into Eq. (6), one can derive: 

√2𝜋𝑟𝑐𝜎𝜃𝜃𝑐 = 𝑐𝑜𝑠
𝜃0

2
[𝐾𝐼𝑐𝑜𝑠2 𝜃0

2
−

3

2
𝐾𝐼𝐼𝑠𝑖𝑛𝜃0] +

√2𝜋𝑟𝑐𝑇𝑠𝑖𝑛2𝜃0, (7) 

 
Eq. (7) can be used for pure mode I, pure mode II and any 

combinations of mode I and mode II. For pure mode I 

fracture (i.e. when KII = 0, KI = KIC and 0 = 0), Eq. (7) 

simplifies to expression: 

 

√2𝜋𝑟𝑐𝜎𝜃𝜃𝑐 = 𝐾𝐼𝑐 , (8) 

 
where KIC is fracture toughness for mode I. By replacing 

Eq. (8) into Eq. (7), a general equation for mixed mode 

fracture is obtained: 

 

𝐾𝐼𝑐 = 𝑐𝑜𝑠
𝜃0

2
[𝐾𝐼𝑐𝑜𝑠2 𝜃0

2
−

3

2
𝐾𝐼𝐼𝑠𝑖𝑛𝜃0] + √2𝜋𝑟𝑐𝑇𝑠𝑖𝑛2𝜃0.

 (9) 

 

2.2.1. MAXIMUM TANGENTIAL STRESS 

CRITERION 

 

Conventional MTS criterion uses only first terms 

(singular terms KI, KII are considered) in the series for 

. According to the first hypothesis of the MTS 

criterion, the angle of maximum tangential stress 0 is 

determined from Eq. (5) in following form:  

 
[𝐾𝐼𝑠𝑖𝑛𝜃0 + 𝐾𝐼𝐼(3𝑐𝑜𝑠𝜃0 − 1)] = 0. (10) 

 

2.2.2. GENERALIZED MAXIMUM TANGENTIAL 

STRESS CRITERION 

 

According to the GMTS criterion crack growth initiates 

when along 0 and a critical distance from the crack tip 

rc, the tangential stress  reaches its maximum (critical 

value) c (singular terms are considered). Both c and 

rc are constant material properties. The initiation angle 

can be expressed from Eq. (5) considering KI, KII, T and 

rc in following form: 
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[𝐾𝐼𝑠𝑖𝑛𝜃0 + 𝐾𝐼𝐼(3𝑐𝑜𝑠𝜃0 − 1)] −
16𝑇

3
√2𝜋𝑟𝑐𝑐𝑜𝑠𝜃0𝑠𝑖𝑛

𝜃0

2
= 0. (11) 

 

Eq. (11) shows that the angle 0 of maximum tangential 

stress for any combination of modes I and II depends on 

KI, KII, T and rc. The angle 0 determined form Eq. (11) 

is then used to predict beginning of the mixed mode 

fracture. 

 

3. EXPERIMENTAL MEASUREMENT 

 

Brazilian disc specimens were prepared from 

standardized cylindrical specimens used for evaluation of 

cylindrical compressive strength of concrete [14]. 

Geometry of all tested specimens were D = 150 mm and 

thickness B = 30 mm. The notch length was 2a = 60 mm 

(a/R = 0.4). Notches were prepared by using water jet 

cutter, this technique provides straight notches (without 

chevron notch ending).  

The machine for tests was Zwick with maximum loading 

capacity 200 kN. The load rate was 0.025 mm/s. 

Brazilian disc specimens with notch lengths a/R = 0.4 

were tested under the selected angles (0°, 5°, 10°, 15°, 

25.25°) inclined against loading positions see Fig. 1. 

 

 
 

Figure 1. Experimental set-up for testing BD specimen. 

 

4. RESULTS AND DISCUSSION 

 

Used material properties of C50/60 for calculation of 

crack initiation angle 0 were: 

 

Fracture toughness for mode I: 

KIC = 29.89 MPamm1/2 (0.945 MPam1/2) 

 

Tensile strength: 

ft = 5.515 MPa. 

The values of initiation angle from experiment are 

measured by using a protractor after test, see a typical BD 

specimen in Fig. 2. The values of initiation angle are 

mentioned in Table 1 

 
Figure 2. A typical specimen with protractor used for 

measurement of an initiation crack angle. 

 

Table 1. Values of initiation angle from experiment for 

C50/60 

 

Inclination angle 

 [°] 
0 5 10 15 25.25 

Initiation angle  

0 [°] 
0 -5 -15 -18 -42 

 

For analytical study of influence on critical distance rc, 

the rc value was calculated of knowledge of various 

boundary conditions: plane stress and plane strain 

boundary conditions by using next equations [11]: 

 

Plane stress 

𝑟𝑐 =
1

2𝜋
(

𝐾𝐼𝑐

𝜎𝑡
)

2

, (12) 

Plane strain 

𝑟𝑐 =
1

6𝜋
(

𝐾𝐼𝑐

𝜎𝑡
)

2

. (13) 

The investigated critical distances values is mentioned in 

Table 2. 

 

Table 2. Selected values of Critical distances for C 50/60.  

 

 
MTS 

Plane 

strain 

Plane 

stress 

Critical distance 

rc [mm] 
0 1.559 4.667 

 

The predicted initiation angles 0 using both MTS and 

GMTS criteria are ilustraded in Fig. 3 in comparison with 

experimental data. The GMTS prediction is plotted in 

different loading conditions. As a result, the estimated 

initiation angle 0 by MTS criterion is greater than those 
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of estimated by GMTS criterion. It also could be seen that 

the GMTS (for plane stress) criterion provides more 

accurate prediction for experimental C 50/60 results than 

conventional MTS criterion. It also should be noted the 

number of experimental data used for validation of 

GMTS criterion were limited. It means that this 

contribution is a preliminary work and additional 

experimental data are needed to show the necessity of 

using GMTS instead of conventional MTS criteron. The 

recommendation is currently to used for C 50/60 material 

for initiation angle 0 distance according to plane stress 

boundary conditions.  

 
 

Figure 3. Experimental data for crack initiation angle 0 

in comparison with MTS and GMTS predictions. 

 

5. CONCLUSION 

 

The GMTS criterion was applied for prediction of the 

fracture initiation angle in Brazilian disc test specimen 

made from C 50/60 as a modified version of maximum 

tangential stress criterion. 

The GMTS criterion was validated using various critical 

distance application on the C 50/60 test results for 

Brazilian disc test specimens. 

The GMTS predictions were compared with the 

conventional MTS criterion. It was shown that the GMTS 

criterion in case plane stress provides more accurate 

prediction of experimental data than conventional MTS 

criterion for estimation of crack initiation angle. 
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